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P k E F A C E. 

My rcafons for publifhihg this treatifd 
were not, that I had any difcovery of 
my own to cx^mmunicate in any of the fub- 
jeds here treated, but becaufe I thought it 
proper to colled itito one fmall volume fe-^ 
veral things that relate diredly or irtdiredly 
to trigonometry. I know of very little that 
can properly be called a difcovery in the 
theory of trigonometry fince Purbachius 
dnd Regiomontanus ; the fir ft of whom died 
in 1461, and the laft in 1476: and the 

chief improvement in it fince thofe times isi 
the application of the logarithms. 

The trigonometry of the ancients, as ap- 
pears from Ptolemy, was in form very dif- 
ferent from ours. The trigonometrical canon 
of this author is conftrufted, by fuppofing 
the diameter of the circle to be divided into 
120 equal parts, and by finding, in parts of 
the diameter, the chord of each degree and 
60th part of a degree of the whole femicircle, 
or 180 degrees : each of the 120 parts of 
the diameter is fuppofed to be divided into 
60 equal parts j and each of thefe again in- 
to 60 parts more, &c. See, from p. 8. to 
p. 17. of the great conftruftion, edit. 1538. 
At whattimcthc ancient trigonometry came 

to 
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to be reduced to the regular form in which 
we find it in Ptolemy, I have not hitherto 
been able to difcover ; but it feems to have 
been pofterior to , Ariftarchus the Samnite, 
who flouriflied about z8o years before the 
Chriftian aera. One would think, that if 
there had been a trigonometrical canon then 
eftabli(hed, it vraold have been ufed by this 
author in his treatife of the magnitude and 
diftance of the fun and moon ; but no fuch 
thing appears. For, in the 7th propofition 
of that treatife, the way in v(rhich he ex« 

preiTes the angle contained by ftraight lines 
drawn from the centres of the earth and 
moon to that of the fun, when the moon 
is in the quadrature, is, that it is the 30th 
part of a right angle. It would appear 
alfo, that this invention was poflerior 
to the time of Archimedes: for, in his 
treatife called the yirenarius^ the way in 
which he expre0es the angle fubtended by 
the diameter of the fun is, that it is lefs 
than the 164th but greater than the 2oodth 
part of a right angle. Probably thq inven- 
tion was by Hipparchus, who began to 
flourifli about 50 years after the death of 
Archimedes ; that is, about 1 60 years be- 
fore the Chriftian aera : for we are told, 

that 
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that Hipparchus wrote a trcatifc upon the 
ufc of chords. The Arabians afterwards, 
tfaoi^ it is uncertain at what time, altered 
the form of the ancient trigonometry. The 
alteration appears to have been made before 
the time of Albatenius, who ikmrifljed a- 
bout the latter end of the ninth century. 
They made ufc of the radius of the circle 
Inftead of the diameter i but continued to 
divide it into 6oth parts as before : they made 
ufc of half the chord, which is now called 
the fine, inftcad of the chord itfelf, and 
found it in parts of the radius ; and they re^ 
duced the cafes of trian^es to fimple pro- 
petitions of four proportionals. The reafbn 
of the name finus, fine, is faid to be, that 
the fadves of the chords, /emi^s infcripta^ 
rum, might often be contraded thus, S. Inf. ; 
and that the ignorant copiators made one 
word, ^us, of both. M, MmtucLiy in his 
ISftoire de Matb^matiqt^s, fays, that he had 
this etymology from M. Godin, 

Purbacfaius faw it would be more Conve- 
nient to have the radius divided into deci^ 
mal parts than into fexageiimals : he made 
the radius 6ooooooQ,and calculated the fines 
in decimal parts of it, inftead of the fixtietb 

fartv mto which the calculations are made 

by 
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by Ptolemy <and the Arabians. Regi<>< 
montanus, who was the fcholar of Purba- 
chius, made this farther alteration in the 
calculation of the * fines, that he fuppofed 
the radius to be unit, and to be divided in- 
to decimal parts. The radius of Regiomon-* 
tanus therefore is looooooo. The fame e-i 
mincnt perfon alfo added to trigonometry 
the ufe of tangents, and calculated tables 
in parts of the radius for every degree 
and minute of the quadrant, and d\{^ 
covered propofitions, by means of which 
the two laft cafes of oblique-angled fpherir 
cal triangles are folved. Rbisticus, foon af-^ 
ter Regiomontanus, added the ufe of fe^ 
cants to trigonometry. 

Vieta, who flourifhed towards the latter 
end of the fixteenth century, improved tri-r 
gonometry, as he did the other parts of 
geometry and mathematics, by his elegant 
manner of cbnceh^ing and demonftrating 
propofitions. He is likewife the firft author 
Jn whom I found right-angled fpherical tri- 
angles .reduced to plane triangles in order 
to folution ; a method which renders the 
doftrine of fpherical triangles much more 
intelligible to learners. I have followed his 
method in that particular in this treatiie^ 
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iind fupplied the cafes that are not taken' 
tioticc of by him. 

Every body knows how much the difco- 
Veries of Baron Napier contributed to the 
perfedion of trigonometryi By the loga- 
rithms, the calculations of plane and fphe- 
tical trigonometry are performied with the 
greateft eafe j' and by the rules he-invented^ 
the numerous cafes of fpherical trigono- 
metry' are eafily retained in the memory* 
Since his time, the principal writers of 
trigonometry have had chiefly in view 
how to conftruvfl tables of logarithms in the 
feadieft manner, and to adapt them to tri- 
gonometry. 

The modern difcaveri^s in mathematics, 
viz. algebra and fluxions, have likewife 

caufed alterations in the nlethod of con- 
ftruding trigonometrical tables : for, by 
means of thefe, the tables can be conftrucS- 
ed in a much fliorter time. It is difl^cul^, 
however, to make fuch as are only learn*- 
ing trigonometry underftand how trigono- 
metrical tables are conftru^Jled by algebra 
and fluxions 5 and as plane trigonometry is 
capable of being fufficiently underftood, and 
commonly taught immediately after learn- 
ing the fi"rft fix books of Euclid, it is fureJy 

b proper 
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proper that a method of conftruding table* 
fliould be taught at the fame time. What- 
ever method therefore the learned may take 
in order to conftruft tables of logarithms, 
and of fines and tangents, in the moft ex- 
peditious manner, it is neceffary that a me- 
thod deduced from the fir ft fix books of 
Euclid, and cornmon arithmetic, be ex- 
plained to the learner who has advanced 
no farther : and as the logarithmic fineSy 
tangents, &c. are the logarithms of the na- 
tural fine?, tangents, &c. a learner can have 
but a very impcrfed: underftanding of loga- 
rithmic fines and tangents before he is ac- 
quainted with the natural. 

As I believe fomc trigonometrical tables 
we have already to be very fufficient, I 
thought it only neceflfary to defcribe me- 
thods by which they may be conftruded, 
without enumerating many, or examining 
which is preferable. What 1 have (aid of 
the hyperbolical logarithms, is in order to 
give the learner a view of the origin and 
progrefs of logarithms j and I have diftin- 
guifhed it from the other part of the fcc- 
tion 5 becaufe> in order to underftand if,, 
thb reader muft be acquainted with the 
fligher geometry. 

The 
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The fcales an4 the fedor are very ufcful 
inftruixients for folving the cafes of trigono- 
metry, when no great accuracy is necellaryj 
I have therefore defcribed how they arc 
conftruded and ufcd in trigonometry. 

The fedions that treat of perfpedivc, and 
the projcdion of the fpherc, were intended 
to make fpherical. trigonometry more eafily 
ynderftood. I have obfcrved, that beginners 
have commonly great difficulty to under* 
ftand what is the meaning or ufe of a fphc* 
rical triangle when they fee the reprefenta- 
tion of it upon a plane, without being 
taught how to projed the different circles 
of a fphere upon a plane : and becaufe pro* 
jedion of the fphere is but a particular cafe 
of pcrfpedive, I found it of great advantage 
10 make the learner firft acquainted with 
perfpedive, next with the projedion of the 
sphere, and laftly with fpherical triangles, 
Perfpcdive is curious and ufeful for its owa 
fake J and therefore I have treated it at 
greater length than is barely neceflary for 
underftanding the projedion of the fphere. 

The reader will fee, that 1 had no inten- 
tion by this treatife to fuperfede the ufe of 
^ny ftandard book that is taught as a part of 

b 2 z 
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a regular courfe of geometry ; but rather 
fuppofed, that the learner is acquainted 
with feveral of them before he can benefit 
any thing by this. In the firft part (except 
what is faid of the hyperbolical logarithms) 
I have fuppofed the learner acquainted only 
with the firft fix books of Euclid, common 
arithmetic, and the extraction of the fquare 
root. , I take it for granted, that every teach- 
er of Euclid explains the principles upon 
which the rules for cxtrading the fquare 
root are founded when he is teaching the 
fecond book of Euclid, jind that he explains 
what is called the rule of three when he is 
teaching the fifth and fixth books. In the 
fecond part, the learner is fuppofed to un- 
derftand the eleventh and twelfth books of 
Euclid ; efpecially the firft twenty propofir 
tions of the eleventh, and Theodofius upon 
the fphere, at leaft the firft book of it. In 
the fecond part too, I have made fome re- 
ferences to fome of the conic-fedtion fi- 
gures ; particularly to the ellipfis. Becauf^ 
fpheric geometry is, in the univerfities of 
Scotland at leaft, taught in the fame clafs 
with conic fedions, I did not think it ne- 
ccffary fo much as tq ftiew how an ellipfis 

is 
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is defcribed * ; becaufe two diftincfl parts 
of a courfe of geometry fhould not in the 
leaft interfere with one another. 

In the feftions that treat of the conftruc* 
tion of natural lines, tangents, and fecants» 
I have nearly followed the methods of Re-^ 
giomontanus and fiaron Wolfius. But in 
order to find the fine of 36°, I was under q: 
neccffity of inferting four propofitions ; two 
of them from the thirteenth book of Eut 
did, and two from Ptolemy, Wolfius 
finds the fine of 36° by mean$ of his own 
geometry. What I have faid of the com«^ 
mon logarithms is alfo according to him. 

For what I have faid of the hyperbolical 
logarithms, I was much indebted to the var 
luable work of the very learned and judi- 
cious M. Montucla, intitlcd, Hiftoire des 
MatbematiqueSy printed at Paris in 1758, in 
two volumes quarto. He treats that fubjef): 

* In sk Synopfls of pradlipal mathematics, lately pu- 
bliflied at Edinburgh, I obferved a problem propofed^ 
** To defcribe an ellipfis." The folution that is given is, 

• 

to join two equal arcs of equal lefTer circles to two equal 
arcs of two equal greater circles : the figure made up 
of thefe four arcs is faid to be an ellipfis. It is unne- 
cefTary to Chow, that fuch a figure cannot be an ellipfis, 
and that no part of an ellipfis is circular, hbwever great 
^n afiinity thpre is bety^eep the two ci^rves. 
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(o diftindly, that I had little more to do, 
but to trariflate what he has faid into Eng- 
lifh, and to fupply fome' demonftrations, 
which he had properly enough omitted, 
becaufe he was writing for proficients in 
geometry. In one of thefe demonftrations, 
I was fomewhat at a lofs, viz. the one in 
article 46. ; where it is (hewn,^ that the fpa-» 
ces contained by the hyperbola, the ordi- 
nates to the afymptotc, and the differences 
of the afymptotes, are equal, when the a- 
fymptotes arc taken in continued geometrical 
proportion. I could i^ot procure a fight of 
Gregory of St Vincent's own works 5 nei-^ 
ther could I meet with the demonftration 
given by him in another author; I there* 
fore gave the fhorteft and moft natural de- 
monftration that occurred. 

The fcdion that treats of the fcales and 
/edlor, is in a good meafure according to 
Bion, and a fmall treatifc upon mathema- 
tical inftruments by J, Robertfon, F. R. S. 

The fedion that treats of perfpedive is 
for the moft part in the manner of Grayef- 
end, in a fmall treatifc, intitled, EJfai de 
PerfpeBhey printed in 171 1 ; and of Wol-^ 
fius, in the third volume of his Opera Ma^ 
thematica. Thcfe two authors, efpecially 

the 
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the laft, were the moft concife and fatisfac- 
tory I met with uppn the fubjedl, though I 
did not invariably adhere to either. In the 
end, of the 25th article of perfpeftive, I 
have faid, that the perfpedlive of a circle in 
the geometrical plane is made up of two 
femi'dlipfes upon the fame greater axis, but 
having unequal leiTer axes. I have not 
added the demonftration of this : The read- 
er may confuk the 28th and 29th of Sere- 
ous, DeJeSl. cyiin. as fubjoined by Dr Halley 
to his edition of Apollonius Pcrgaeus's co- 
nic fedlions^ 

In the fedtions that treat of plane and 
fpherical trigonometry in particular, and 
pfojeftion of the fphere, I had lio particular 
amhor to follow. In the right-angled plane 
and fpherical triangles^ I have given the e- 
nunciations of the propofitions fomelhing 
differently from what is commonly done. 
For inftance, in the firft propofiiion of plane 
trian^gles, I have fakJ, If the hypothenufe 
be made radius, each of the fides fliall be 
the fine of the angle oppofite to itfclf j in- 
ftead of faying, The hypothenufe is to a 
iide, as radius to the fine of the angle op- 
pofite to that fide, I thought this manner 
of expreffion more agreeable to the defini- 
tions ; 
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tions: for which rcafoiij the propofitiofts o( 
right-angled fpherical triangles are enuncia- 
ted to the fame purpofe ; and I have fet 
down in corollaries the manner of expreff^ 
ing the ratios of radius, fine, tangent, irl 
the propofitions, to radius, fine, tangent^ 
in the tables, and upon the fcales and fec-^ 
tor. 

In the propofitions by which the cafes of 
oblique-angled plane triangles are folved^ 
yiz. the 4thi 5th, and 6th, of the firft part, 
I have made ufe of figures and demon* 
ftrations different from any author I have 
feen. The propofition in other authors 
correfponding to my 4th, requires two dif- 
ferent equal radii. Beginners are fometimes 
perplexed by this : 1 have therefore con- 
trived the figure lo, that one circle ferves 
the purpofe* The 5th alio, which was of 
more difficult invention, 1 have contrived 
fo, that one and the fame circle ferves, and 
that the tangent of the angle which is half 
the fum of the two angles, is in the fame 
ftraight line with the tangent of the angle 
which is half their difference, and conti*- 
guous to it. The demonftration of the 6th 
propofition, which I thought more geometri* 
cal than that which is commonly given^ I 

made 
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ttiade up of part of the 120th propofition of 
the feventh book of Pappus Alexandrinus^ 
aod of a corollary or inferenqe that follows 
w^nikf^ly from the 5th propofition of the 
fecrqnd book of Euclid* Elefides thefe three 
propofitionSj there are feveral other dc- 
ijionilrationa here and therci which are 
different from any I have fi^en in like 
cafes. I have deduced the demonftrations 
of Napier's two rules as corollaries from 
th^ propofitions upon which they depend, 
in order to favp the learner's time. The 
I9/I two propofitions of fpherical triangles 
are from Wplfius. 

0uring the time that this treatife was in 
tjie prefs, feveral other treatiles appeared, 
which, by their titles, feem^d, in fomc 
meafure* to interfere with it* But after ex- 
amining two or three of them, I faw no 
reafon to wifti that any part of it had been 
fuppreifed, or the order altered. The dc- 
%n of them all feemed to be, to comprc- 
h^end a fort of qniverfal courfe of mathe- 
matics in a fttiall fize ; and the propofitions 
in them are without any demonftrations. 
This treatife is almoft confined to trigono- 
metry, and intended for fuch as ftudy geo- 
metry regularly, 

c I 
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I always imputed the flownefs with which 
young people comprehend natural philofophy 
and aftronomy, to their ignorance of geome- 
try and trigonometry ; and I thought the 
principles of perfpedive might contribute to 
their underftanding the plates of a book of 
natural philofophy. Befides, I obferved, that 
many who underftand a geometrical plan 
very well, have no idea at all of the gco- 
rtielry of vifibles. 

The mathematical tables I bad in view 
through the Avhole of this treatifc were 
Sberwin's ; becaufe any tables fmaller ^han 
thefe cannot be of much ufc. For, befides 
the great extent to which they are carried, 
they contain alfo the natural fines, tangents, 
&c.; without whichj the learner can have 
but a very confufed idea of the tables of ar-*' 
tificial fines and tangents. In the cafes of 
trigonometry I put, 1 carried the calculations 
only the length of minutes. The reader, 
by means of Sberwin's tables at lead, can 
enfily carry them the length of feconds, or 
thirds, if he pleafes. In the projeftiori of 
the fphere, where no great accuracy is ex- 
peded, 1 called the inclination of the e- 
cliptic to the equator 23° and an half. If 
accuracy is required, the reader will confulc 
the lateft obfervations for this inclination. 
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Plane Trigonometry. 




INT ROD U C T ION. 

• * 

RIGONOMETRY is an 
art founded upon mathema- 
tical truths, by which un- 
" known fides or angles of a 
triangle are found, by means of other 
fides and angles that are given. A tri- 
angle, contained by three ftraight lines, 
is called a plane triangle ; and that part 
of trigonometry which is applied to it, 
is called plane trigonometry. 

2. Right-angled plane trigonometry is 
that which is applied to right-angled 
plane triangles, as ABC, plate i. fig. i.j 
oblique-angled plane trigonometry is that 
which is applied to a plane triangle, none, 

A of 
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of whofc angles is a right angle, as ABC, 
fig. 2. & 3.; 

3. In a right-angled plane triangle 
ABC, fig. I. the "fide AB fubtending 
the rights angle ACB, is called the hypo^ 
thefjuje; and AC, CB, that contain the 
right angle, are called the fides. Some- 
times one of the fides is called the ^^, 
and the other the perpendicular^ 

4. The circumference of a circle 
ACBD, fig. 4. is fuppofed to be divided 
into 360 equal parts, called degrees \ each 
degrft i«r fuppofed to be divided into 60 
'equal parts, called minutes ; and each 
minute into 60 equal parts, called fe^ 
condsy &ci. 

5. Any angle HEB at the centre of 
a circle, is faid to.be an angle of as many 
degrees, ' mtniites, and feconds, &c. as 
there are degrees, minutes, and feconds, 
in the circumference HB on which it 
(lands. For example, if the circumfe- 
rence HB contain thirty degrees, or 
thirty of the equal parts whereof the 
whole circumference BCAD • contains 
360, then the angle HEB is an angle of 
thirty degrees. In like manner, the angle 
GEB is an angle of as many, degrees a« 

thcrq 
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there arc degrees of the whole circuni* 
ferencc BCAD contained in the circum-^ 
ference GHB, and the angle FEB is of 
as many degrees as there are degrees in 
the circumference FGHB, and fo on. 
And bccaufe [2. cor. 15. i.] all the 
angles made by any number of ftraight 
lines meeting in one point E, are, toge- 
ther, equal to four right angles, the 
whole circumference of a circle BCAD is 
the meafure of four right angles. Hence 
the circumference BGC, or ninety de- 
grees, viz. the fourth part of the whole 
circumference BCAD, is the meafure of 
the right angle CEB; the femicircle 
BCA, an hundred and eighty degrees, is 
the meafure of two right ' angles CEB, 
CEA, or of any two adjacent angles 
FEB, FEA[i3. i.]. 

DEFINITIONS. 

6. Dcf. I. Any ftraight line HR; 
placed in a circle BCAD, fig. 4, is the 
chord of each of the circumferences or 
arcs HBR, HAR, cut off by the ftraight 
line HR. In like manner, GS is the 
chord of each of the circumferences or 

A 2 arcs 
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arcs GBS, GAS ; FT, of FBT, FAT- 

A ftraight line EB, drawn from the centre 
E, bifcding the chord HR, bifefts alfo 
the arc HBR fubtended by that chord. 
[4. I. & 28. 3.] 

7. Def. 2, The fine of any arc HB, 
or of the angle HEB, meafured by the 
arc HB, is HQ^, viz. the half of the 
chord of double that arc. Likewife GP, 
FO, are, each of them, the, fines of each 
of the arcs GHB, FHB, or of the angles 
GEB, FEB, meafured by thefe arcs. 

The femidiameter or radius CE, (viz* 
the fine of a quadrant or ninety degrees)^ 
js [15. 3.] the greateft of all the fines. 
FO, the fine of any arc FHB lefs than a 
quadrant, is alfo the fine of FCA ; an 
arc as much greater than a quadrant as 
the other is lefs. 

Any fine FO, drawn from one ex- 
tremity F of the arc FHB, or FCA, is 
[3. 3.] perpendicular to AB, the diame- 
ter that pafiTcs through the other extre- 
mity of the arc. 

8. Dc£ 3. If Ktf, fig. 4. be drawn 
parallel to the chord HR, touching the 
circle in B, and meeting each of the 
firaight lines EH, ER, drawn from the 

centre 
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centre through the extremities of the arc 
HBR, the parts BK, B^, between the 
point of contaft B, and the extremities 
K, ay are the tangents of the arcs or of 
the angles, whereof the half of the chord 
HR is the fine. In the fame manner, 
LB is the tangent of the arc GHB, or of 
the angle GEB 5 and MB is the tangent 
of the arc FHB, or of the angle FEB. 
If the quadrant CB be bifefted in G, 
BL, the tangent of ifs half GHB, (f^jrty- 
five degrees), is equal to radius CE 

[34- ^0 ^ 

The tangent of a quadrant CGB is in- 
definite 5 for BM is [28. 1 .] parallel to EC. 

9. Def. 4. The ftraight lines EK, E^, 
dfawn from the centre to the extremities 
of the touching line K/7, are the fecants 
of the arcs or angles, whereof its parts, 
from the point of contact to the extre- 
mities, are the tangents. EL is the fe- 
cant of GHB, and EM of FHB. The 
fecant is always greater than radius \ and 

the fecant of a quadrant CGB being pa- 
rallel to the tangent BM, is indefinite. 

1 o. Def. 5. What any arc FHB wants 
of a quadrant, or any angle FEB of a 
right angle, is the complement of that 

arc 
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arc or angle. Thus, dP is the comple- 
ment of the arc FHB, aftd fUB is the 
complement: of the arc CF; the angle 
FEC is the complement of FEB, and 
FEB is the complement of FgC. 

1 1 . Def. 6* The cofine of any arc 
FHB, is the lit^ of .its complemenr, as 
FZ, which is equal to EO the diftance 
of the fine from the centre. 

12. Def. 7, Thjc cotangent of any 
arc pHB is the tangent of its comple- 
ment, as CN» 

13. Def. 8. The cofecant of any arc 
FHB is the fecant of its complemem^ as 
EN. 

14. Def. 9. The vcrfed fine or fagitta 
of any arc HB, is the excefs of the r^-^ 
dius above its cofine, as QB. 

SECTION L 

Method of ccnftruSiing tables of natural 
fines ^ tangent s^ and fecant s. 

15. 'THHE radius of the circle is con- 

X iidered as unit, and is fuppo- 

fed to be divided into loooooco or more 

decimal parts. The fine, tangent, and 

fecant, 
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fecant, of each degree and minuM of the 
quadr&nt^ is, by the following method, 
found in parts of the radius4 

PROP. L PROBLEM. Fig. s^ 

lb. To find the fine of DB, an arc of 
^ thirty degrees^ in parts of the radius. 

Make BG equal to BD; join DG, 
and bifea it in H ; DH or HG is the 
fine of thirty degrees. Becaufe the fide 
of a hexagon or chord of fixty degrees 
is [cor. 15. 4»] equal to radius, and that 
the fine of any arc is [def 2. of this} 
half the chord of double the aro, there- 
fore DH is the fine of thirty degrees; 
and if the radius be 1 0000000, the fine 
of thirty degrees fhall be 5000000 of the 
fame parts. Which was to be. done. 

PROP.IL PROB. Fig. s^ 

17. The fine of any arc DB being given ^ 
to find its cofine DF. 

Let DH, the fine of DB, meet the 
diameter AB in H; join CD; and be- 
caufe the fquare of CD is [47. i .] equal 
p the fcjuares of CH and HD, that is 



" t 



8 • Plane Sfed.L 

[34. I.], to the fquarcs of DF and DH, 
and that the fquares of CD, DH, are 
each of them given, (CD being radius) ; 
therefore the fquare of DF, and the 
ftraight line DF, are each of them gi- 
ven. For example, if the arc DB be 
thirty degrees, its fine is [i* of this] 
5000000 of the parts whereof radius 
is 1 0000000. If therefore the fquare of 
5000000 be fubtraded from the fquare 
of 1 0000000, the fquare root of the re- 
mainder, viz. 8660254 fliall bethenum^ 
ber exprefling the cofine DF, or the fine 
of 60"* in parts of the radius. 

In the fame manner, the cofine of a- 
ny other arc is found in parts of the ra- 
dius, i( the fine be given; or if the co- 
fine be given, the fine is found. 
{ 

PROP. III. PROB. Fig. 5. 

18. The fine -of any arc DB being given, 
to find the fine of its half. 

Join DB, which is therefore the chord 
of the arc DBj find [2. of this] CH the 
cofine of the arc DB, and fubtraft it 
from radius CB j the remainder is the 
verfed fine HB. And becaufe the fquarea 

of 
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of HB and HD are [47. i .] equd to tho 
fquarc of DB, and that HB, HD, and 
their fquarcs, arc each of them given ; 
therefore the fquare of DB, and the ftraight 
line DB, are each of them given. But 
the half of the chord DB is [def. 2. of this] 
the fine of half the arc DB. Which was 
to be done. 

Thus, if the arc DB be thirty degrees, 
its fine DH being [i. of this] 5000000, and 
its cofine [2. of this] 8660254 parts of thp 
radius, the fine of its half, or of fifteen 
degrees, (hall be found to be^ in parts of 
the radius, 2588190. 

PROP, IV. PROB. Fi^. 5. 

19. DH, the fine of any arc DB, being gi- 
ven^ to find DL, the fine of its double^ 
DBG. 

Find CH [2. of this] the cofine of the 
arc DB 5 join CG. Becaufe DH, the fine 
of the arc DB, is given, DG, the chord of 
double the arc, is [def.. 2, of this] given. 
And becaufe CHG and DLG are [def. 2. 
of this] each of them right angles, and that 
the angle CGD is common to the two 
ftrianglcs CGH, LGD, the triangles CGH, 

B LGP, 
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LGD, arc [32. I.] equiangular, and [4. 6.] 
the fides containing the equal angles, pro- 
portionals ; wherefore GC is to CH, as 
GD to DL : but the three firft terms of 
the proportionals arc each of them given j 
therefore the fourth term DL, that is the 
fine of double the arcJ^B^ is given. Which 
was to be done. ' ; 

PROP. V. PROB. i%. 4. 

20. ^0 find GP, the fine of GHB, an arc 
pf forty five degrees. 

Becadfe GP is the fine of an arc of forty* 
five degreeSjEP, which [34, i .] is equal to the 
cofine of GHB, is alfo the fine of forty-fivcj 
degrees, and is therefore equal Co GP ; and 
becaufe the fquare of EG is [47. i .] equal 
to the fquares of EP and PG, and that EP 
is equal to PG, the fquare of EG is double 
of the fquare of GP : but the fquai-e of the 
radius EG is given 5 therefore the fquare of 
GP, and the ftraight line GP, are each of 
them given. Thp fquare root of half ihe 
fquare of the radius, or the fine of forty- 
five degrees, in parts of the radius, is found 
to be 7071068, Which was to be done. 

PROP, 
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PROP. VL THEOR. Pig. 6. 
Which is the 9th of the 1 3th book of Euclid. 

21. Jf BD, tbe Jide of a decagon^ and DE, 
tbejide of n hexagon^ infcribed in tbe fame 
circle ABD, be aided togetber^ tbe wbok 
ftraigbt line BE, made up of both^ Jhall 
be divided in extreme and mean ratio in 
D, their common extremity. 

Find C, the centre of the circle, draw 
the diameter BA, and join CD, C£* Be- 
caufe BD is the fide of a decagon inicribed 
in the circle ABD» the circumference AD 
is [28. 3.] quadruple of the circumference 
BD, and the angle ACD [33. 6.] qua- 
druple of the angle BCD ; but the angle 
ACD is [32. 1.] equal to the two angles 
CDB, CBD, and [5. i.] double of one of 
them CDB ; therefore the angle CDB is 
double of the angle DCB ; and becaufe DE 
is [cor. 15.4] equal to DC, the angle 
DCEis [5. I. y equal to the angle DEC, 
and the angle CDB [32. i.], double of tbe 
angle DEC ; wherefore the angle DEC is 
equal to the angle BCD, and the angle 
CBD is common to the two triangles CEB, 

B 2 DCB} 
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DCBj therefore the angle ECB is [32. i.] 
equal to the angle GDBi and [4. 6^] BE 
IS to BC, as BC to BD: but [cor, 15. 4,} 
BC is equal to ED ^ therefore BE is to ED, 
as ED to DB. (^ E, D. 

PROP. Vir. T H E O R. Fig: y. 
Which isthe tojhof the 13 th book of Euclid. 

* _ 

22. The fquare dtfiribed upon AB, the Jide 
of a pentagon ABCDE, infcribed in a 
circle^ is equal to the fquare defcribed upon 
the fide of a hexagon^ together with the 
fquare defcribed up$n AH or HB, the fde 
of a decagon infcribed iri the fame circk. 

Find the centre F, and join FB 5 FB is 
[cor. 15. 4.} equal to the fide of a hexagon 
infcribed in the circle : draw the diameter 
AFG 5 join FH ; and draw PL at right 
angles to AH, meeting AB in M ; and the 
circumference of the circle in K;. and join 
HM. 

Bccaufe [28. 3.] the circumference ABC 
is equal to the circumference AED, and 
that ABCG, AEDG, are fcmicircles, the 
circumference CO is equal to the circum- 
ference GD, and CGD is double of CG : 

but 
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but the circumference CGD is [28. 3.] e- 
qual to the circumference AHB, and the 
circumference AHB is double of the cir-» 
cumference AKH; therefore the circum- 
ference AKH is equal to the circumference 
CG. And becaufe FL is at right angles to 
AH, the angle AFK is [3. 3. & 8. 1.] equal 
to the angle KFH, and the circumference 
AK [26. 3.] to the circumference KHj 
wherefore the circumference GCB is dou- 
ble of the circumference BHK, and the 
ingle GFB is [26. 3.] double of the angle 
BFK: but the angle GFB is [32. & 5. i. 
or 20. 3.] double of the angle FAB 5 there- 
fore the angles BFK, FAB, are equal : and 
the angle FBM is common to the two 
triangles ABF, MBF; therefore [32. i.] 
they are equiangular ; and [4. 6.] BA is to 
BF, as BF to BM j and the reaangle ABM 
is [17. 6.] tqual to the fqqare of BF. A- 
gain, becaufe ML bifedts HA at right 
angles, the angle LHM is [4. i.] equal to 
the angle LAM -, that is, (becaufe AH, 
HB, are equals and 5. i.) to the angle 
HBA 5 and the angle HAM is common to 
the two triangles HBA, HAM j therefore 
the triangles HBA, HAM, are equiangu- 
lar; and [4. 6.] BA is to AH, as AH to 

AMi 
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AM; and [17.6.] the rcdlangle BAM is 
equal to thie fquarc of AH : but the fqiiarc 
of BF was (hown to be equal to the red;- 
angle ABM j therefore the fquares of BF- 
and AH are equal to the rectangles ABM 
and BAM; that is, [2. 2.] to the fquare of 
AB. Q. E. D. 

PR O P. VIII. T H E O R. Fig. 8. 
From Clau. Ptol. iA,yiMti»raiK, p. 8. edit. 
1538- 

2x. If, from D, the centre of a circk AGB, 
a liraigbt line DB be drawn, at right 
angles to the diameter AG, meeting the 
circumference in B, and if the femidiame- 
ter DO be bifeSied in E, and from EA,' 
{•which [7. 3.] " greater than EB) EC 
be cut of equal to EB, the firaight line 
intercepted between C and B Jhall be equal 
to the fide of an equilateral and equiangular 
pentagon infcribed in the circle AGB. 

Becaufe GD is equally divided in E, and 
produced to C, the redangle GCD, toge- 
ther with the fquare of DE, is [6. 2.] equal 
to the fquare of EC or EB ; that is, [47. 1 .] 
' to the fquares of DE and DB ; wherefore 

th« 
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the re^^aogle GCD, together with the 
fquare of D£» is equal to the fquares of 
D£ and DB; take away the common 
iquare of DE, and the ire<3angle GCD 
ihali be equal to the fquare of DB or DO ; 
therefore [17. 6.] CXJ is to CD, as GD to 
DC, and CG is divided in extreme and 
mean ratio in D : but DG is [cor. 1 5. 4.] 
equal to the fide of a hexagon infcribed in 
the circle AGB ; therefore [conv, 6. of this] 
DC is equal to the fide of a decagon infcribed * 
in it. Again, becaufe the fquare of CB is 
[47. 1 .] equal to the fquares of DB and DC, 
and th9t DB is equal to the fide of a hexa* 
gon, and DC equal to the fide of a deca- 
gon, CB is [conv. 7., of this] equal to the 
fide of a pentagon infcribed in the circle 
AGB. Q^E. D. 

PROP. IX. PROB. Fig.S. 
From the fame. 

24. To Jind^ in parts of the radius^ CB a 
Jiraigbt line equal to the fide of a penta-- 
gon infcribed in a circle AGB. 

Let the points B and C be found as in 
the ,preceding propofition* And becaufe 

the 
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the radius DB or DG is given, its half DE 
is given ; therefore the futn of the fquares 
of DB and DE, that is, [47. i .] the fquarc 
of EB, is given ; wherefore the ftraight line 
EB or EC is given : and becaufe the ftraight 
line EC, and a part of it DE, are. each of 
them given, the remainder DC is given ; 
wherefore the fum of the iquares of DC 
and DB, that is, [47. i .] the fquare of CB, 
and the ftraight line CB, are each of them 
given. Which was to be done. 

Cor. Hence the fine of thirty-^fix de- 
grees is found in parts of the radius. Be<f 
caufe the fid« of a pentagon infcribed in 4 
circle is [dcf. I . of this] the chord of feyenr 
ty-two degrees, its half is [def. 2. of this] 
the fine of thirty-fix degrees; which, 'm 
parts of the radius, is 5877283. 

PROP. X. PROB. Fig. 9. 

25. EF arjd AB, the fines of two given arcs 

]ED and AD, being each of them giv^^y to 

find the fine of the half of the arc EA, 

mhicb is the , difference of the arcs ED an4 

AD. 

Becaufe EF and AB, the fines of the 
• given arcs ED and AD, arc each of them 

givcpa 
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given, their cofines EH and AG arc alfo 
£2. of this] each of them given. Let AG 
meet EF in L, and join AE. 

Becaufe EF and AB, that is, LF [34. i.], 
are each of them given^ their difference EL 
is given ; and because AG and EH, that is, 
LG arc each of them given, their differ- 
ence AL is given ; therefore the fum of the 
fquares of EL and LA, that is, [47. i.] the 
iquare of AE is given i wherefore the 
flraight line AE is given ; but the half of 
the ftraight line AE is [def. 2. of this] the 
fine of half of the arc EA. Which was 
to be found. 

PROP. XL PROB. Fig.i(y. 

26* AB and EF, the fines of the given arcs 
KB and KF, whofe difference does not ex- 
ceed forty-five minutes ^ being each of them 
giveny tojfindj nearly^ GH, the fine of a-- 
ny intermediate arc KH, whoje excefs ^- 
hove the leffer arc KB is any given num^ 
her of minutes. 

From B draw BM at right angles to EF, 
meeting GH in L; therefore [34. i.] AB, 
GL, EM, are equal to one another; and 
becatife EF and AB, that is, EM, are each 

C of 
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of them given, their difFcrence FM is gi- 
ven. Again, becaufe the points B, F, are 
very near one another, the circumferences 
FB, BH, may be confidored as ftraight 
lines 5 wherefore [4. 6.] FB is to BH, as 
FM to HL; but the * circumferences FB, 
BH, and the ftraight line MF, are each of 
them given 5 therefore HL is given, and 
AB, that is, GL, is given ; therefore the 
whole ftraight line GH, which is the fine 
of the arc KH, is given. Which was to 
be found. 

PROP. XII. PR OB. Fig.io. 

27. Let the arc KBH be one minute or Jixty 
fecondsy and let its Jine HG be given ^ to 
Jindy nearly^ AB, the fine of KB, an arc 
of one or more feconds. 

Becaufe the arcs KH and KB are very 
fmall, they may be confidered as ftraight 
lines ; wherefore [4. 6.] KH is to KB, as 
HG to BA ; but KH, KB, HG, are each 
of them given j therefore BA is given. 
Which was to be found. 
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PROP. XIII. THEOR. Fig. 11. 

i 2S. The re 51 angle contained by radius ^ and 
half the fum of the fines of tw6 uneaual 
arcs GH andGliLy is equal to the reSl^ 
angle contained by the fne of half their 
• fum, and the cofine oj half their difference. 

Let C be the centre of the circle, and 
draw the diameter GA 5 jom LH ; and from 
the centre C, draw CO at right angles to 
LH, meeting the circumference of the 
circle in K, which therefore bifeds LH in 
O, and the arc LKH in K, [3. 3. 4. i. & 
28. 3.]; from L, draw LD, at right angles 
to GA ; and from O, K, H, draw OP, 
KE, HF, parallel to LD J laftly, from O, 
H, draw OM, HN, parallel toGA. 

HF aad LD are the fines of the arcs GH 
and GHLj and becaufe their difference 
HKL is bifefted in K, the arc GHK is 
half of their fum, and KE is its fine ^ alfo 
CO is the cofine of half of their difference ; 
and becaufe LO is equal to OH, LM is 
[2. 6.] equal to MN; therefore MD or OP 
is half the fum of LD and ND or HF. 
And becaufe OP is parallel to KE, [4.6.] CK 
\% to KE, as CO to OPj therefore [ 1 6.6.] the 

C 2 re(^angle 
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rcflanglc contained by CK and OP is equal 
to the redlangle contained by KE and CO. 
Q. E. D. 

Cor. Hence, if KE, the fine of half 
the fum of two arcs GH, GHL, and CO, 
the cofine of half their difference, be each 
of them given, OP or MD, which is half 
the fum of the fines of the fame arcs, is 
likcwife given. For becaufe the redangle 
contained by CK and OP is equal to the 
redanglc contained by KE and CO 5 [14.6.] 
CK is to KE, as CO to OP or MD; 
and if FHj that is, DN, the fine of 
GH, one of the arcs, be given, DL, 
the fine of the other arc GHL, is found 
bv adding: to OP or MD its excefs above 
FH or DN. In like manner, if DL, the 
fine of GHL, be given, DN or FH, the 
fine of the other arc GH is found, by 
fubtrafling from OP or MD the cxcpfs of 
LD above it. 

PROP. XIV. THEOR. Fig. 11, 

29. The fne of any ar<: GHL, greater than 

Jixty degrees^ but not greater than ninety^ 

is equal to the Jine of another arc GH, as 

much lefs than fixty degrees^ together with 

tb^ 
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the fine of its excefs abwtfixty degnes^ and 
e contra. 

Let GHK be an arc of fixty degrees, other 
things remaining as in the preceding pro^ 
pofitionj let CK meet DL in Q; it is to 
be fliown that DL is equal to FH together 
with LO, Becaufc the triangle LOM is 
[8. 6.] fimilar to the triangle MOQ, that is 
(bccaufe OM and DC arc parallel) to the 
triangle CQD or CKE ; the triangle LOM 
is [21. 6.] fimilar to the triangle CKE; 
therefore [4. 6.] CK is to CE, as LO to 
LM : but bccaufe KE is the fine of fi^cty 
degrees, CE, [def. 6. of this] the fine of 
thirty degrees, is [ i . of this] half of CK j 
therefore [D, 5.] LM is half of LO ; and 
LN is [13. of this] equal to LO, Q. E. D, 

Cor. Hence, if the fine of each degree 
^nd minute, &c. to fixty degrees be given, 
the fine of each degree and minute, 6cc. a^ 
bove fixty to ninety, may be found by add- 
ing to the fine of fixty, the fine of the ex- 
ccfs of the given degree above fi:s:ty, 

PROP. XV. PROB, 

50. Xbe fines of 30, 15, 45, and 36 J^- 
^rees }ein^ each of tbetn found by pro- 

blems 
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blems I, 3, 5, 9 tf/yi //x €or. to cmftruSi a 
table ofjines for every degree^ minute^ and 
fecondy in the quadrant. 

(i) The fine of 36^ being found [cor. 9. 
of this], the fines of I8^ 9°, 4^ 30', 2° 15' 
are [3. of this] found: then [2. of this] the 
fines of 54^ 72^ 8I^ 85^ 30', 87° 45', 
are found : alfo [3. of this] the fines of 27*, 

13' 30', 6^45'; 40" 30', 20° IS'> 42^ 
45', are found. Hence [2. of this] the 

fines of 63^ 76^ 30', 83° 15', 49^ 30', 69^ 

45', 47® 15', are found; and [3. of this] 

the fines of 31^ 30', 15° 45' j 38^ 15'; 24° 

45', are found. Hence [2. of this] the 

fines of 58^ 30', 74" 15', 51^ 45', 65° 15', 

are found 5 and [3. of this] the fine of 29*^ 

15'; and [2. of this] its cofine, viz. 60^^45' 

are found. 

(2) The fine of 45° being [5. of this] 
found, the fines of 22^*30', 11** 15', are 
[3. of this] found; as alfo [2. of this] the 
lines of 67^ 30', 780 45'; and [3. of this] 
of 33^ 45', and [2. of this] of 56^ 15', are 
found. 

(3) The finesof 300 and 54^ being each 
of them given, the fine of 12^^ is [10. of this] 
found. 

(4) The 
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(4) The fines of 12^ being ^vehj»the 
fines of 6% 3^, i*» 30', 45', are [3. of this-] 
found ; and [2. of this] the fines of 78^, 84°, 
87°, 88° 30', 89° 15', are found; and 
[3. of this] the fines of 39% 19° 30', 9'' 
45'; 42% 2iS 10^ 30'. s"" ^S''^ 43^ 30', 
21^45'; 44^15', are found J as alfo [2. of 
this] the fines of 51^, 70^ 30', 80° 15', 
48% 69% 79^ 30', 84* 45', 460 30', 68^ 
15', 45*" 4S', are found 5 and [3. of this] 
the fines of 25^ 30', 12^ 45'; 35° 15'; 

24^ 34' 30', 17' I5'> 39' 455 23" is', 
are found : and hence [2. of this] the fines 

64-30', yy^ 15', 54- 45', 66% SS"" 3^', 

72** 45', 50* 15', 66'' 45', are found: 

hence alfo [3. of this] the fines of 32** 15' 5 

33% 16^ 30', 8° 15'; 27^45', are found; 

and [2- of this] Jikewife the fines of 57^ 

45'. S?""^ 73' 30', 8i°45'> 62^ 15', are 
found; and [3. of this] the fines of 28° 30'^ 

^4'' ^5'* 36*^ 45', are found; and [2. of 
this] the fines of 61° 30', y^"" 45', 53^ 45', 
arc found ; and [3. of this] the fine of 30«> 
45' is found ; and [2. of this] the fine of 
59"" 15' is found. 

(5) The fine of 15^ being [i. & 3. of 
this] given, the fines of 7° 30^ 3° 45', are 
[3* of this] found ; and [2. of this] the fine^ 

of 
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of 75''y 82^ 30', 86° 15', arc found 5 and 
[3. of this] the fines of 37'' 30', 18° 45'} 
41"* 15', are found; and [2. of this] the 
fines of 52° 30', 71^ 15', 48° 45', arc 
found ; and [3. of this] the fine of ab"* i j'; 
as alfo [2. of this] the fine of 63** 45', is 
found. 

The number of fines thus found is 1 20 ; 
and when they are all fet down, in order, 
the difference between any .one of them, 
and the next preceding or following, is 45^ 
See the following table. 

The intermediate fines, to fingle minutes 
and feconds, &c. are [ii. & 12. of this] 
found. The calculation of fines, however, 
is greatly abridged by the 13 th and 14th 
propofitions. With their corollaries. 
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0°4S' 


4* 


JO°45' 


iJ * j uo^ 45' 


1 2 


I 30 


42 


J« 30 


82 


I 61 30 


3 


2 'S 


4.1 


32 15 




1 62 15 


4 


3 


44 


33 ? 


84)63 o| 


5 


3 45 


45 


ii 45 


»5 


^3 45 


<5| 4 3^ 
71 S '5 


46 


34 30 


8d 


» 64 30 


ti 


35 '5 


87 


65 15 


8 


6 


36 


88 


66 


9 


6 45 


49 


3<5 45 


89 


56 45 


Id 


7 30 


50 


37 30 


90 


^7 30 


It 


8 15 


5' 


28 15 


9' 


68 i< 

* 


12 


9 ^ 


5i 


39 


92 


69 


•3 


J> 45 


J? 


39 45 


93 


69 45 


'4 


10 |0 


54 


40 30 


94 


70 -30 


'S 


II 15 


55 


41 15 


95 


71 1^ 


1 6 


12 c> 


56 


42 


96 


72 <J 


'2 


?» 4S 


5? 


4* 45 


97 


72 45 


i^ 


13 30 


58 


43 30 


98 


73 30 


19 


14 ij 


59 


44 15 


99 


74 «S 


20 


15 


60 


45 


100 


75 


2t 


»S 45 


61 


45 45 


lOi 


75 4$ 


22 


16 36 


62 


46 30 


:02 


76 30 


23 


<7 'S 


63 


47 »5 


103 


77 ^S 


24 


18 b 


' 64 


48 


104 


78 cJ ■ 


25 


18 45 


65 


48 45 


105 


78 45 


26 


19 30 


66 


49 30 


106 


79 30 


- 27 


20 15 


67 


50 Is 


107 


80 15 


28 


21 d 


68 


Ji 


108 


81 


29 


2' 45 . 


69 


51 45 


109 


81 45 


3° 


22 30 


70 


52 30 


1 10 


82 30 


3> 


2j i5 


7« 


Si 'S 


1 1 1 


83 15 


32 


24 b 


7^ 


54 


112 


84 


33 


24 45 


73 


54 45 


113 


84 45 


34 


25 ^o 


74 


>5 30 


114 


85 30 


35 


26 15 


75 


j6 15 


115 


86 15 


36 


27 


76 . 


)7 


116 


87 . 


37 27 45 


•77 


57 45 


r 17 ^ 


S7 45- - 


38 28 30 


78 


;8 30 


118 i 


58 30 


39 29 xj 


79; 


;9 '5 


119 1 


Jp 15 


40 qo 


80 ' 


)0 . 


120 ( 


JO 
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31. ^be Jne DH, ami (he cojine CH of tf- 
nf arc DB ^^/;7|' ^jr£> of them 'given^ to 
Jind BE iu tangent^ an(jl CE its fecant^ 

Becaufe t)H and £B are each oi them 
at right angles to CB, thdy are [28. i.} 
parallel > therefore [4. 6.] Cli is to HD, as 
CB to BE y that is, the co(]|ne ol the arc 

> 

DB is to its fine, as radius to its tangent i 
but the three firfl: of thefe proportionals are 
each of them given ; therefore the fourth 
BE is alfo given. 

LikeM^ife CH is to CB, as CD or CB to 
CE; that is, the fecant is a third propor- 
tional to the cofine and radius ; wherefore 
the fecant CE is given. 

In like manner, the tangent and fecant 
of anv other arc is found. Which was to 
be done. 

32. The table of natural verfed fines to 
ninety degrees, is conllruded by fubtradV 
ing the natural cofine of the given degree or 
minute from radius. Thus, if 9998477,^ 
which is the natural fine of 89"", or cofine 
of i^^ be fubtraded from radius looooooo, 

the 
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the remainder 1523 ihall be the natural' 
verfed fine of one degree ; and (q on^ 
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■ 

jfdetbod of ccmJiruSiing a tabk of Logarithms. 

I. TF four magnitudes be proportionals^ 
JL and if the firft be a multiple or part 
of the fecond, the third is the fame mul- 
tiple, or the fame part of the fourth. [Prop, 
D. 5. Simfon's Euclid.] 

2. Hence, if a fcries of numbers decreafo 
or increafe, fo that the quotient arifing by 
dividing the fiirft term by the fecond, be e- 
qual to the quotient ariiing by dividing the' 
fecond term by the third, and to that ari- 
fing by dividing the third by the fourth. 
Ice. it is faid to be a feries in geometri- 
cal proportion continued. Such is the feries. 
32, 16, 8, 4, 2, I, &c. or I, 10, 100, 

JOOO, lOQOQ, &C. 

3. A feries of numbers decreafing or in- 
cr^afingy fo that the difference bctweea 
the iirft and fecond terms is equal to the 
difference between the fecond and thirds 
and to that between the third and fourth, 
and fo on, is faid to be in arithmetical pro- 

D 2 portion i 
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pprtron; as, 5, 4, 3, 2, |i p, &cc. Qr i, 
3> 5» 7> 9> ^: 

PROP. I. THE OR. Tlatex. Jig.i. 

4. ^ //&r^^ magnitudes A, BF, CH,- ^^ i?- 

. ritbmetical proportionals y the, fum of the, " 
two extremes A and CH is equal to twice, 
the middle tjerm, BF. 

Make BE equal to A, ^qd CQ equal tq , 
EF ; therefore GH is equal to EF. Be- 
caufe CG is equal to BF, and GH to EF, 
CH is equal to BF and FE together j tq 
eaqh of thefe equals add the equals A an4 
BE, then CI I and A Pgetber fhall l;>e 9^ 
qual to twice BF. Q. E. D, 

PIIQP. If. TH^QFIL. Mg.i. 

5, If four magnitudes A, BF, CH, DL, be, 
arithmetical proportionals^ the fum of the, 
two extremes A and DL is equal to the. 

fum oj the two means BF and CH. 

Conftru(3 a^ in the preceding, and make; 
PK equal to CH; KL is equal to GH. 
Becaufe [by the preceding] CH, that is, 
DK an-d A are together equal to twice BF, 
that is, to BF and CG ; and that KL is e- 

... . 9"a| 
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qua! to GH ; DL and A are together eqqa| 
fp BF and CH together. Q^E, D. 

7n like niannerit is demon ftrated, jthat if 
any oumber of magnitudes hp arithmetical 
proporjtjonals, the fom of the tWQ cxtrcraej 
i$ equal to the fum of any two terms e? 
qually diftant from the extremes, anjd if 
there be an odd number of terms to twice 
the middle term. 

6. If the upper feries, in the two line; 
fubjoined, be in continued geometrical, and 
the lower ip arithmetical proportion, the 
ieveral terms of the arithmetical feries are 
called the logarithms of the correfponding 
terms of the geometrical feries. 

}, 2, 4, 8, 16, 32, 6^, 128, 256, 512. 
P> i> h 3> 4» 5' ^, 7, 8, ^. 

y. If t|ie geometripal /eriej b?gin at u- 
pit, and the arithmetical at nothing, as in 
t)iis exapfiple, <he feyeral terms of the a* 
nthm^tical feries will (hew the djftance of 
the corresponding terms in the geometrical 
^ries from unit* Thus, 6 in the arithme-? 
?ical feries (hews that the correfponding term 
^4, in the geometrical (cries, is in the fixtK 
place from unit* 

J 8, If any nufnbec of ^crtm of the arith- 
metical 
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metical feries be added together, the Aiiq 
is the index or logarithm of the produd of 
the correfponding terms of the geometrical 
feries. Thus, 2 and 3, or 5, is the logar 
rithm of 4 times 8, or 32 $ 3 «nd 6, or 9, 
is the logarithni of 8 times 64, or 512, 
JScc*; 2 and 3 and 4, or 9, is the loga-^ 
rithn:]| of 4 times 8, multiplied by 16, viz. 
512. Hence it is that multiplication of 
numbers is performed by the addition of 
their logarithms* 

9* The difference between any two termi 
pf the ^rithniettcal feries is the logarithm of 
the quotient of the correfponding terms of 
the geometrical leries. Thus 2, the difr 
ferepcQ between 6 and 4, is the logarithnx 
of 4, which is the quotient of 64 divided 
by 16. Hence divifion of numbers is per- 
formed by the fubtradion of their loga*. 
ritbms. 

ID. Becaufe any number, except unit^ 
its fquare, its cube^ its fourth power, &c. 
make a feries in geometrical proportion ; as^ 
2, 4, 8, i6» ^ilie prefent example 3 twic^ 
the logaritbm'of the number is the toga* 
ntfeim of its fquare *, three times the loga- 
ritllBi of the number is the logarithm of its^ 
cube, &c. [act, 8.]. Thus, twice 2, or 4, 
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k the togarithm of i6, which is the fquare 
of 4 ; three times 2, or 6, is the logarithm 
bf 64, which is the cube of 4. 

I J. For the fame reafon, half the loga- 
rithm of a number is the logarithm of its 
fquare root ; the third part of the logarithm 
of a number is the logarithm of its cube 
fo<^, &c. [art. 9.]. Thus, the half of 4^ 
or 2, is the logarithm of 4> which is the 
iquare root of 1 6 j the third part of 9, or 
3, is the logarithm of 8, which is the cube 
root of 512, &c. 

J 2. Though a geonjctrical mean propior- 
tional be placed between each two terms of ' 
the geonfietrical ferics, the new ferics will 
alfo be in continued geometrical proportion* 
lo like manners though a geometrical mean 
proportional be placed between each two 
terms of this laft fcries, the feries thence a- w 

tifing will ftill be in geometrical proportion 
continued ; and fo on. ^ 

13. Whatever number of geometrical 
inean terms is inferred between each two 
terniis of the geometrical feries, if the fame 
iiumber of arithmetical mean terms be in- 
£brted between each two terms of the arith- 
metical feries, it is manifeft, that the feries 
will remain in arithmetical proportion, and 

that 
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ihat each of its terms is the logarithm or 
index of each corrcfponding terra of the 
geometrical fcrics as formerly. 

In this tnanner a tabic i>f bgarithms is 

tonftrufted; 

» 

14. A geonietfical meair propdrtional ii 
found between two mimbers [17, 6.} by 
cxtradrng the fquare root of the produ(^ of 
the two numbers pfropofcd. Thuff, a geo^ 
toetricd meaTi pfoportiond between 4 aod 
8 is the neareft fquare root of 32. 

An arithmetical mean proportional be- 
tweert twa numbers is [i. of this] half 
the fum of the two propofed numbers : fo 
the half of 5 is an arithmetical mean pro^^ 
portional between 2 and 3. 

I ^. The imperfedions of a table of lo-^ 
^arithms are, that an exatSt mean proporJ 
tronal cannot always be found between each 
<W6 of th« terms of the feries,-^nd that the 
aifference between each two terms of the 
^eorfietrical iefies cannot be cxaSly unit. 
The firft of thefe imperfeaions is remedied 
by dividing each term into a great ntlmber 
of decimal places ; and the lalt, by inlert-' 
ing fo many terms, as that their difference 
may not much exceed unit.- 

i6i 
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16. Ageomctrical i, 10, 100, looo,&c. 
ferics beginning it u- o, i, 2, 3, &c. 
nit» and increafing in a tenfold proportion; 
and an arithmetical feries beginning at no- 
thing, and increaiing by unit, as in the 
margin, arc found moft convenient for con- 
ilruding a table of logarithms; 

17. Hence the logarithm of i is 6, the 
logdrithth of 10 is i^ that of ibo is 2, and 
that of 1000 is 3, Sec; therefore the loga- 
rithm of each intermediate term between r 
and. 10 is a proper fradion ; the logarithm 
bf each terni between lo and 100 is unit 
with a proper fradioni &c. 

28. It is mahiien: that the logarithms of 
each of the intermediate terms between i 
and 10, 10 and . 00, &c; of the geometrical 
fcriC8,cannot [art. 14.] be found exactly; luch 
as the logarithm of 2, of 3, of 4, &:c.; alfo 
that of II, ot 12, of 13, &c.; but to find 
them to fuch a degree of exadnefs as an- 
fweris any ule, each term is to be divided 
into many decimal parts^ as follows. 

lidooooooj io.odoodoo, tod. 0000006, &:c. 

0.00060000, 1.00000000, 2.00000000, &CC. 

19. In order to find the logarithm of 
each whole number between i and 10, 

E \\z. 
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viz. the logarithm of 2, of 3, &c. as many 
geometrical mean terms are to be found 
between I and 10, as there are whole 
numbers between them 5 and thefe mean 
terms muft be fuch, that the difference be- 
tween any one of them, and the next pre- 
ceding or following, is very near unit. A- 
rithmetical mean terms are to be found be^ 
t ween o and i , each of them anfwering to 
each of the geometrical mean terms. In 
like manner, geometrical mean terms are 
to be found between 10 and loo, and as 
manv arithmetical mean terms between i 
and 2, &c. 

20. To find the logarithm of 9. 

Between 1 and 10, find a geometricaf 
mean proportional j that is, [art. 14. J the 
neareft fquare root of lo.ooooooo, viz* 
3.1622777. 

Between 0.00000000, which is the lo- 
garithm of i.ooooooo, and 1.00000000, - 
which is the logarithm 6i 10.0000000, 
find an arithmetical mean proportional $ that 
is, [art. 14.] the half of i. 00000000, viat. 
0.50000000 J this laft number is the loga- 
rithm of the geometrical mean 3.1622777. 
But becaufe 3.1622777 is much lefs than 
9.0000000, another geometrical mean 

muft 
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xnuft be fouod between 3.1622777 and 
10.0000000, yizt 5.6234132; and then 
an arithmetical mean between the for- 
^ mer arithmetical mean 0.50000000 and 
1 .00000000, viz. 0.75000000. This laft 
number is the logarithm of 5.62341 32, 
but is ftill far from the logarithm of 
9.0000000 ; becaufe 5.623413a is much 
.Jefs th^n 9.0000000; and therefore ano- 
ther geometrical mean muft be found be- 
tween 5.6234132 and 10.0000000 with its 
corresponding logarithm, and fo on, till a 
geometrical mean is found, whofe differ-i- 
cncc from 9.0000000 may be negleded. 
An arithmetical mean is to be found as oft- 
en ; and the arithmetical mean, correipond* 
ing to the geometrical mean that comes 
nearefl: to 9.0000000, is the logarithm of 

21. It will be found, on trial, that the 
fifth geometrical mean, found as above, 
is 9.3057204, which is greater than 
9.0000000 1 therefore the next geometrical 
mean muft be found between 9.3057204 
and the ne^A preceding geometrical mean 
3.6596432. The geometrical mean be- 
tween thefe laft is 8.9768713, which is 
Icfs than 9.0000000. The nej^t following 

E 2 14 
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is to be fotjnd between 9.3057204 and 
8.9768713, which will be greater than 
9. ooooipob ; sind the next again is to be 
found between this laft pnc and the next 
preceding ; and fo on, 

22. No fewer than twenty-fix geometri- 
cal mean terms, gnd as many arithmetical, 
are neceflary, in order to find the logarithn^ 
pf 9> hy this method, tolerabl;^ exa£t, a| 
may be fecn by the following table. 
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The TABLE. 



Meah Prop. 



r_f. 



1,0000000 

3.i6»»777 
10.0000000 



3 





6. 



8. 



10. 



II. 



u. 



t3 



10.0000000 

5.6a34i3» 
3.1622777 



10.0000000 
7.49 8942 X 
5.6»34i3» 



10.0000000 

8.659643* 
7.4989421 



10.0000000 
9'30572Q4 
8.659643* 



^.3057204 
^97^8713 

8.6596432 



9'.30572C^4 
9.1398170 

8.9768713 



9.1398170 

9^579777 
8.9768713 



9-0579777 

9.01 7-3 3 33 
1^:9768713 



9-PI73333 
8.9970796 
8.9768713 



9-^173333 
9.0072008 

8.9970796. 



9.0074003 
■9.0021388 
8.9970796 



9.0021388 
8.9996088 

8.9Q7O706 



Logaiithmft 



0.000QOO00 
0.50000000 
i.ocooooob 



i/)ooooooo 
0.75000000 
a50oooooo 



i.ooocoooo 
0.87500000 
0.75000000 



I.ooocoooo 
0.93750000 
0.87500000 



1. 00000000 
0.96875000 
0,93750000 



0.96875000 
0.95 3 "iOO 
0.93750000 



0.96^75000 
0.96093750 
0*95312500 



0.96093750 

Q.95703«a5 
0.9531*500 



0.95703125 
0.95507812 
0.9531*500 



0-95507812 
0.95410Z56 
0.9531*500 



0.95507812 

0.95458984 
0.954 10156 



0.954589^4 
0.95434570 
0.95410156 



0.95434570 
0.9542*363 

0.Q?4T0I?6 



I Mean Frop. 



14 



15. 



16. 



17. 



z8. 



19 



20. 



21. 



22. 



23 



24 



*5 



26. 



9*0021388 
9.0008737 
8.9996088 



9.0008737 

9.000241* 
8.9996088 



9.0002412 
9.9999250 
8.9996088 



9.00^2412 
9,0000831 
^•9999*50 



9.0000831 
9.000004X 
8.9999250 



9.0000041 
8.9999650 
8.9999250 



9.0000041 

8.9999845 
8.9999650 



9.0000041 
8.9999943 
8.9999845 



9.0000041 
8.9999992 
8.9999943 

9.0600041 
9.0000016 

8-999999* 

9.000CO16 
9.0000064 
8.9 999992 



9.0000004 
8.9999998 
8.999999* 



9.0000004 
9.0O000QO 
8.0099998 



Logarithix^B. 



0.954 345 7P 
0.95428467 
0.95422363 



0.95428467 

0.954*5415 
0.95422363 



0.95425415 
6.954* 1889 
0.95422363 



0.95425445 
0.95424651 
0.95423889 



0.95424652 
0.95424271 
0.95423889 



0.95424271 
0.95424080 
0,95423889 



0.95424271 
0.954242x7 
0.95424080 



0.95424271 
0.95424**3 
0.954242x7 



0.9542427X 

0.95424247 
0.954*4223 



0.95424271 
0.95424259 
0.95424247 



0.95424259 

0.95424253 
0.95424247 



0.95424253 
0.95424250 
0.95414247 



0.95442253 

0.95424*51 

0.95424*5() 



23. The 
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23. The logarithms of 8, 7, 6, &c, 
may be found in the fame manner* The 
logarithm of every number, however, doesj 
not require fo tedious an operation, 

Becaufe multipli9ation of numbers is 
[art. 8.] performed by the addition of their 
logarithms, and [art. 9.] divifion by fub-^ 
tradion, the fum of the logarithms of any 
two numbers is the logaritho) of their pro- 
du£l ; and the difference between the loga- 
rithms of two numbers, is the logarithm of 
their quotient. Thus the fum of the loga-i 
rithms of 2 and 3 is the logarithm of 6| 
the fum of the logarithms of 3 and 4 is the 
logarithm of 12, &c. the difference be- 
tween the logarithms of 8 aqd 2 is the lo- 
garithm of 4, the difference between the 
logarithms of ?5 and -3 is the |ogarithni of 
5, &c. 

And becaufe involution [art. 10.] .is pcr*- 
formed by doubling, tripling, &c. the 
logarithms of the roots and evolution 
[art. 1 1.] by finding the half, the third part, 
&c. of the logarithoi of the power ; twice 
the logarithm of 2 is the logarithm of 4, 
viz. the fquare of 2 ; three tioiies the loga- 
rithm of 2 is the logarithm of 8, viz. the 
cube of 2, &c. J the half of the logaritbn^ 

of 
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of 9 is the logarithm of 3 ; the third part 
of. the logarithm of 64 is the logarithm of 
4; andfoon. For a more particular ac- 
count of the cdnftrudtion of logarithms^ 
and the various methods by- which the 0- 
pcrations are Shortened, I refer to the au-* 
fhors who have wrote on that fubjcft on 

purpofe, 

24, Bccaufe the difference of the loga- 
rithms of two numbers is the logarithm of 
their quotient, the logarithm of a fradtioa 
is the difference of the logarithms of thd 
numerator and denominator. Hence, be* 
caufe in the common logarithms above dc- 
fcribed, the logarithm of i is d, the loga- 
rithm of a proper fraction is negative, or 
lefs than o* Thus the logarithm of the 
proper fraftion |. is 0.4259687, vh. the dif- 
ference of the logarithms of 3 and 8, 
which is lefs than o or negative, becauic 
the divifor 8 is greater than the dividend 3, 
and that the logarithm of i is o. On the 
other hand, the logarithm of the improper 
fraSion |. is alfo 0.4259687; but pofitive, 
or greater than o, becaufe 8 is greater than 
3, and that the logarithm of i is o. Nega- 
tive logarithms arc as ufeful in the doftrine 

of 
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df proper £rat9ions as pofitive, in that of 
whole or miixt numbets. 
♦ 25. For the fame reafohs, the logarithm 
of a niixt nutober is the difFercncc of the 
tegaTithms of the numerator and denomi- 
nator of the roixt number fed^iced to an 
improper fra^ion* Thus 3 4- reduced to 
lan impi-oper fradion is V, whofe loga- 
rithm is 0.5797836, yiz* the difference of 
the logarithihs of 1 9 and 5^ 
; 26* Thd logarithms arCi m the table,' 
found oppofite to their refpe^ive numbers? 
from, unit, fo far as the table reaches. And 
becaufe the logarithms of the numbers i^ 
10, 100, looOj &c. are d, 1, 2, 3, &c; 
oniy the. decimal part of the logarithms of 
the intermediate numbers are commonly fct 
down 5 particularly in Sherwin's tables. 

. 27. If a logarithm, different" from aoy 
In the table, be given, it is the logarithm 
of a niixt number, between the numbers 
anfwering to the logarithms next \s& 
and greater than it. Thus xht logarkhm 
0.5797836 is greater than the logarithm of 
3, but iefs than that of 45 and therefore!? 
is the logarithm of fome mixt number be- 
tween 3 and 4. , 

28. fd 
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izS. To find the logarithnl of a proj>er 
fraction |-. Subtrad: the logarithm of 3 
froiii the logarithm of 8, the rfemalhdcr; 
"Viz. the negative logarithfti 04259687, 
[art. 24.3 is the logarithm of 4, But bc- 
fcaufe b, J, 22, 3, &c, are the logarithms 
of the numbers i; ib, 160, idoo, &c. it 
Is mbre cbhvehieiit firfl to reduce a vulgar 
frafkion to a decinial; arid then tb find the 
logatithm of the decimal as a whole num- 
ber. Thus i, reduced tb i decimal frac- 
tioh, is .375. The logarithtti of .275, cbn- 
fidered as a whole number, is 2*57403 13^ 
knd the denominator of the decimal frac- 
tion .375 is 1000, v^hoffc logarithm is 
3.0000006. The difierence between thefc 
two logarithms is o.4259687i the fame ai 
bcfbre; 

Hence, if a Hegative logarithm 0.4259687 
be given, the proper fradion correfponding 
to it will be fodnd by Tubtrafting 0.4259687 
ifrom 3.0000000, the remainder 2.5740313 
is the logarithm of the numerator of thc^ 
decittai fraclion; tiz. .^JS^ which is equal 

to i. 

29; To find the logarithm of a mixt 
iiuinber 65.7.. Find the logarithm of 657 
as a whole number, which is 2,81756545 

F and 
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and from its index 2, fubtraA r, which \s 
the logarithm of 10, viz. the denomina- 
tor of the decimal part 7 ; the remainder 
1.8175654 is the logarrthm-of the mixt 
number 65.7. 

Hence the mfxt number anfwering to a 
logarithm 1.81756541$ found, by finding 
the number that anfwers to its decimal 
part, without regard to the index, which 
is 657 ; and dividing 657 by 10, the quo- 
tient 65.7 is the mixt . number required. 
Like wife the mixt number anfwering to the 
logarithm 0.5797836 is found, by finding 
the number anfwering to .5797836, viz. the 
decimal part of the given logarithm, which 
is 380 : and becaufe the index of the given 
logarithm is o, and that the index of the 
logarithm anfwering to 380 is 2, if 380 be 
divided by 100, the quotient '3.80 is the 
mixt number fought, which is equal to 34'» 

30, To find the logarithm of a number 
exceeding any in the table, or which \% 
greater than the table extends to. 

Example. To find . the logarithm of 
64856 by means of a table, not exceeding 
I coco. Divide 64856 by 10, the quotient 
is 6485.6; fubtracl 3.8119100, which is 
the logarithm of 6485; from 3*8ii9769i 

which 
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which is the logarithm of the next greater 
number 6486, the remainder is 669. To 
the three numbers 10, 669, and 6, viz. 
the laft figure of the propofed number, 
find a fourth proportional 401. Thjs laft 

number being added to the decimal part of 
the logarithm of 6485, and unit to its in-- 
dex, gives 4.8119501, which is nearly the 
logarithm of 64856. This method is fully 
exemplified in the treatife prefixed to Sher- 
win's excellent tables j to which I refer the 
reader. It proceeds upon the fuppofition, 
that numbers are to one another as their 
logarithms. This fuppofition, however, is 
not ftridly true, as will be fliewn after- 
wards ; but it anfwers common ufes in 
finding the logarithms of great numbers. 

31. To find nearly the number anfwer- 
ing to the logarithm 6.9934362, greater 
than any in the table. When the table 
is not calculated for numbers exceeding 
looob, fubtradl 4.0000000, which is the 
logarithm of loooo, from the given loga- 
rithm 6.9934362, and find in the table- 
985, which is the number anfwering to 
their difference 2.9934362 ; then multiply 
085 by 10000, the produ(S 9850000 is 

F 2 nearly 
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iicarly the number ^nfweriAg to tli? log^- 
titbm ^.9934362. . 

5^/^^ <{^i ^ Logariibms. 

22. To multiply ^^uipberp by tjie loga- 
tltbqis. Add tbe logarlthn^ of the multU 
plier to that of thp multiplicand, the fuixi 
fhall be the logarithp of the prodp<%. 

Example. To qiultiply 339 by 264. Th^ 
logarithm of 264 is 3.4216039, ^hat of 339 
is 2.5301997; fhe fum of thefe two loga- 
rithms is 4.9518036, y/hich is the loga-^ 
rithm of the produdt 89496, 

33. To diyic|e qumbcrs by the loga-^ 
TJthqis. Subtract the logarithm of the di- 
vifor from that of the dividend, the re-* 
xnainder fliall be the logarithm of tb^ .quo«> 
tient. 

Example. Tq divide 768 by ?4- Frpnr^ 
2.885361?, which is the logarithni of 768, 
fubtrad 1.3802112, which is the logarithm 
of 24 i the remainder I •5051500 is the lo* 
garithtn of jbe quotienl; 32. 

PrO" 
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Proportion by the Logarithms. 

34. Add the logarithms of the fecond 
?ind third terms together, and from the 
fam fubtradt the logarithm of the firft term, 
the remainder (hall be the logarithm of the 
fourth proportional. 

Example i . To find a fourth proportio-r 
pal to the three numbers 4, 8, j6. Add 
0.9030900, which i§ the logarithpi of 8, 
tp 1. 204 1 200, which is the logarithm of 
16, 9nd from the fum 2.1 0721 00, fubtradl 
9.6029600, which is the logarithm of 4, 
the remainder 1.505 1500 is the logarithm 
of the fourth proportional 3 a. 

Example z* To find a third proportional 
to two numbers, 12 and 36, From twice 
the log^rithn^ qf 36, which is 3.ii2|5o5q, 
fubtradt 1. 0791812, which is the logarithm 
of I a, the remainder 2.0334238 is the lo* 
garithm of the third proportional iq8. 

35. To raife numbers to their powers by 
the Ipgarithtns. 

Twice the logarithm of a number is the 
Ipgarithm of its fquare ; three times its Iqt 
^arithm, is the logarithm of its cube, &c. 

Example. 1.2041200, which is twice 

the 
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the logarithm of 4, is the logarithm of 1 6, 
which is the fquare of 4. 1.806 1800, 
which is three times the logarithm of 4, is 
the logarithm of 64, which is the cube 
of 4. 

36. To cxtrad roots by the logarithms. 

The half of the logarithm of a number is 
the logarithm of its fquare root; the third- 
part of the logarithm of a number is the 
logarithm of its cube root, &c. 

Example. 0.698970a, the half, of 
1.3979400, which is the l6garithm of '^5, 
is the logarithm of 5, which is the jfquare 
root of 25. 0.4771213, the third part of 
1.43 13638, jvchich is the Idgarithm of 27, 
is the logarithm of 3, which is the cube root 
pf 27, &c. 

Of the Hyperbilical Logarithms. 

• 37. The logarithms defcribed in the pre^ 
ceding part of this fedibn are found moft 
convenient for the more common calcula- 
tions, and have been long in ufe. They' 
are fomcthing different, however, from 
thofe firft publiftied by the illuftrious in- 
vcntor, * Baron Napier, This memorable 
^ifcovery of that cjiftin^uiftiod promoter of 

(ciengg 



feience may h6 defcribed in the- following 
manner, from his Mirijici Logar. Canam$ 
Defcriptio, firft publiflacd at Edinburgh in 
1614. 

38. Let PAF, plate 3. fig. 2. be any 
Araight line terminated in P,- but'unlimited 
tQwards F, Let a point P be fuppofed to 
move along this line from P towards F, 
with a velocity always proportional to its 
diftance from the fixed extremity P j that 
I5, let the velocity of the moving point in 
B be to it^ velocity in A, a3 PB to PA; 
and the velocity in C to the velocity in B, 
51s PC to PB, or as PB to PA, &c. Hence 
PA, PB. PC, PD, &c. are in continued 
geometrical proportion. Likewife AB, BC, 
CPj &c. are in continued geometrical pro- 
pOJtion. For, becaufe PC is to PB, as PB 
to PA i by divifion, BC is to PB, as AB to 
to PA; alternately, BC is to AB, as PB tp 
PA$ and, by inverfion, AB Js to BC, as 
PA to PB. In like manner, BC may be 
ihewn to be to CD, as PB to PC; that is, 
as PA to PB, or as AB to BC, as has been 
flie.wn; and fo on. And becaufe the velocities 
aw^proportiaoal to the (paces defcribed, the 
fpaces AB, BC, CD, &c. Ihall be dcfcri* 
b€d in ?qual times, 

39. Let 
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39. Let the Vclotity of the point dcftri^ 
i>ing the line PAt^ in this mander, in inf 
point of the line A, be called V ; and, with 
this velocity reoiaining conftant, let acno^ 
ther point defcribe the fpac£ A'B' upon the' 
line ^' A'F', in the fame time that AB i$ de- 
fcribcd upon PF, with the accelerated vc* 
locity fuppofed above; There are ther<^ 
fore tvt'O points, one of them moving from 
A towards F^ with an accelerated velocity; 
^nd defcribing the proportional fpaces AB; 
BC, CD, &c. in equal times j the othct 
moving from A' towards F' uniformily, de^ 
fcribing the equal fpaces A^B', 0C', CD'i 
&c. in equal tiraes^ viz. in the times that 
AB. BC, CD, &c. are defcribed. Hencei 
while PB, PC, PD, &c. are in coiitinued 
geometrical proportion, A'B'ji A'C; A'D'; 
&c. are in arithmetical proportion ; and 
therefore A'B', A'C, A'D'. &c. are the lo^ 
garithms of PB^ PG, PD, each of each. 

The logarithm of PS^ any part of the 
diftance defcribed by the accelerated Velo- 
city, is expreffed by A'S', delferibcd with 
the uniform velocity in the fame trmd that 
AS has been defcribed, the velocities berng 
equal in A and A' ; and fo on. 

40. Hence, if the two points defcribiag 

the 
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the fpaced PF ^nd AT', the 6ne with an 
accelerated, the other with an uniform mo- 
tJon, a^ aboVfe, depart from A and A' at 
the Ame time,, the tegarithm oF PA ifhall 
be 0, becaufe the point moving uniformly 
has not then defcribed any fpace. 

41. If A'B', A'C A'D', &c. which ex- 
prcfs the logarithms of PB, PC, PD, &c. 
be politiye quantities, PA i, and A' o; 
A*b\ the lo^arithtn of any proper JFradion 
Vb (hall be ri'egati^fe ; that is, A%' fhall be 
defcribed With an urtiforni mcJtiort in the 
contrir;^ direiJlion. Fo^ the fame r'eafon, 
AV is the logarithm bf A'r; ahd the Idga- 
Hthni t)f a propfer fraction is equal to that 
6f its dehodiinator ; but they have contrary 
fignst for if P^ be |. PA t, PB 2>, and 
if A'B' be the logarithm of PB 2, A'b\ 
which is equal to A'B', fhall be the loga- 
rithm of P^, which is ^ taken in the con- 
trary diredioln; or in numbers, with a con- 
trary fign : the logarithms of |., ^, &c. are 
^qual to the logarithms of 3, 4, &c. the 
figns being cpntrary. 

A'B', B'C, CD\ &CC. may alfo be con- 
fidered as the logarithms of any quanti- 
ties proportional to PB, PC, PD, &c. as 
AB, BC, GD, &c. 

G 42. The 
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42. The logarithm of any fatio^ as that 
of PC to PB, or of the oumbcr expreffingp 
PC, divided by the number exprefling PB, 
is B'C or A'B', viz. the logarithm of the 
difference of PC, PB; and the logarithm 
of the produdl of the number exprefling 
PC, multiplied by the number exprefiing 
PB, is A'C', viz. the fum of the logarithms 
of PB, PC, or of AB, BC, &c. 

43. BcicaufePD, PC, PB, are proportio- 
nals ; and when three magnitudes are pro- 
portiorials, the firft is to the thkd in the 
duplicate ratio of the firft to the fecond;i 
that is, as the fquare of the firft to the 
fquare of the fecond, the logarithm of thef 
ratio of the fquare of PD to the fquare of 
PC, (being the fame with the logarithm of 
the ratio of PD to PB), is the logarithm of 
BD > that is, B'D', or twice WC\ which is 
the logarithm of BC or PC. In like man-* 
ner, becaufe PE, PD, PC, PB, are conti- 
nued proportionafe ; and when four mag* 
nitudes are continued proportionals, the firft 
is to the fourth in the triplicate ratio of thtf 
firft to the fecond j that is, as the cube of 
the firft to the cube of the fecond i the lo- 
garithm of the ratio of the cube of PE to 
the cube of PD, (being the feme with the 

logarithm 
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Jogarithm of the ratio of PE to PB), is the 
logarithm of BE 5 that is, B'E', or three 
times B'C, which is the logarithqi of BC 
or JPC 5 and fo on, for any other power. 

44. The next thing to be confidered is^ 
How Napier fouqd each number exhibiting 
the logarithm of each term of the feries of 
oataral numbers i, 2, 3, 4, 5, &c. 

In order to this, he fuppofes PA unit ex- 
preiTed thus, i .ooqooqo, and A' the poiqt 
where the uniform motion begins } colnfe* 
quently the logarithm of unit is o.oqooooq^ 
&c. w infinitum. Let PB be 2, or 2,0000000,^ 
it is required to find the number exhibiting 
ks logarithoGi A'B'. Let fo great a number 
of geonaetrical mean proportionals be fup^ 
pofed between PA and Pg, that Aa, thq 
excefs of the leaft of them above PA unitj, 
may be confidered as defcfibcd with an u- 
niform motion* Hence, according to Na- 
pier, Aa itfelf may be confidered as the lo-^ 
garithm of Pa; and fuppofing P^ to be 
1. 000000 1, its logarithm is 0.000000 1. 
Then he calculates what is. th? number of 
geometrical mean proportionals, fuch as, 
Ptf, between PA 1,0000000 and PB 
2.0000000 ; that is, the number of gco- 
(xictrical mean proportionals between 

G 2 1. 000000a 
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i.oooQQOo and 2.0000000, fuch that the 
cxcefs of each of them s^bove the next pre- 
ipeding is equal to Aa o.ooooppi, or very 
nearly fo, and finds that there are 693147a 
of fuch geometrical ^ean proportionals be- 
tween PA and PB. He therefore multir 
plies Atf 0.000000 1 by 6931472, and the 
produft 0.693147? i$ A'JB' the logarithnj 
of 2. Proceeding in the fame manner, he 
finds, that there ^re 23025859 fucb gco^ 
metrical mean proportionals, as abov^, be? 
tween i and 10. According to this hypo^ 
thefis, therefore, 2.3025850 is the logj^- 
rithm of 10. 

45. The Noble author after\yards obfer-^ 
ved, that it would be ipore convenient to 
have unit for tbt logaritbni of ten, two foe 
the logarithm of an hqndred, tbfc? for the; 
logarithm of a tbouland, §cc, as in thq* 
common tables, ^nd rccQmrpendcd to Mr 
Briggs to alter the form of the logarithms. 
This Mr Sriggs uqdcrtpok aqd executed. 
Hence Napier's firft logarithms are to thofe 
calculated by Mr Briggs, which arf com- 
monly uled, as 2.3025850 to i ; and the 
one kind can ea01y be redu(:ed to the o- 
ther. ' ^ 

46. Several of the difcovcries in the 

higher 
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higher geometry that followed that of the 
iogaritbms, contributed much to U^e findr 
ing the logarithms of numbers with .greater 
eafe. I (ball mention a few of thefe in 
their order. 

In order to underftand this and the three 
following articles, the reader is fuppofed to 
know that the reftangles AEM, fig. 3, 
AFK, AlBG, are eqpal to one another* 
1^12. 2. Appoll. Con. or 16. 3. Simf.]. 

Gregory of. St Vincent qblerycd, that if 
AE, AF, A6, &;c. be taken in continued 
geometrical proportion from the centre A, 
ppon the. afymptote AB of a hyperbola 
GKM, and if from the extremities of thefe 
proportionals £, F, 6, &c. ftraigbt lines 
be drawn parallel to the ot})er afymptote 
AC, meeting the hyperbola in M, K, G, 
&c. the fpaces EMKF, FKGB, {cc. (hall 
be equal ta one another ; as alfo the fedtors 
AMK, AKG. Fof becaufe. the redangle 
AEM is equal to the rcftangle AFK, the 
triangle AEM is equal to the triangle AFK; 
and if the common triangle. AEO be taken 
irom both, the trjangle AOM fliall be e- 
gual to the trapezuum EFKO j and if the 
fpace KOM be added to each of thefe c- 
guals, the fc<Sor AMK (hall be equal to 

the 
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the rpace EMKF. In like manner, the 

iedor AKG is (hewn to be equal to the 

fpace FKGB. Draw KN, GQ^ parallel 

to AB, meeting EM, FK in P, L. An4 

becaufe AE, AF, AB, are proportion^ to 

BG, FK, EM 5 BF, FE, or GL, KP, are 

proportional to EP, FL, and to PM, LK; 

therefore [i6. 6.] QBFL js equal to KEEP 

and the re£tilineal triangle QLK equal to 

the redilineal triangle KPM : and if an in-* 

definite number of geometrical mean pro* 

portionals be found between Al^, AF, and 

between AF, AB, and from their extremis 

ties, parallels to AC be drawn, meeting 

the hyperbola, the rectangle contained by 

the difference of any two terms^ taken oq 

the afymptotc,* and by the difference of the 

two corrcfponding terms of the ordinates^ 

is equal to the redlanglp contained by the 

difference of any other two terms taken oq 

the afymptote, and by the difference of the 

two corrcfponding terms of the ordinates j 

therefore the hyperbola GKM is the locu^ 

of thefe points; and the fpace EMKF is c- 

qual to the fpace FKGB ; as alfo the fedor 

AMK to the fedtor AKG. Q^^E. D. 

The fame thing may be proved by the 
doStrinc of fluxions. See Maclaurin's Flu- 
xions. 
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xtonS) book i. art. 177. Hence, if the 
rcdtinglcs FM, FR, be cortpletcd, the 
fp^ces TKM, RGK, fliall be equal. Like- 
wife, if CF, the fquare of AF, and the? 
redangle DB, be cotnpleted, and if the 
diantieters Auj AS, be drawn , the fpaces 
t/KM, SGK, (hall be equal. 

47. Hence, when EF, EB^ &c. in* 
<7eafe in geometrical proportipn, the fpaces^ 
£;MKF, EMKGB, &c, increafe in arith- 
mettcal proportion, and theib fpaces exhibit 
the logarithms of EF, EB. If now A£, 
AF, AB, &c. be to one aiK>ther as the 
nambers i, 2» 3, &c. or very nearly fo^ 
fuppofing the logarithm of AE to be o; 
and if an infinite feries be found expreffing 
the fpace EMKF in parts of EMDA, 
which is the fquare of AE unit, this feries 
£h^ll be the logarithm of 2, according to 
thisfyftem; and the feries exprefling the 
fpace EMKGB; (hall be the logarithm of 
3^5 aild fo on. 

48. A feries of this kind was firft difco- 
vered, in the followingmanner, by the ex- 
cellent mathematician Vifcount Brounker* 
[Phil. Tranf. N"^ 34. p. 645. 

(i ) Let DHK, fig, 4. be a hyperbola whofc 
centre is A, and whofe afymptotes AC, AG, 

are 
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are al right angles to one another ; let D be 
the vertex of the tfanfvef fe axis, and draw^^ 
DC, DE, parallel to the Myihptbtts meeting 
theo) in C and E j AEDC is the f^uar6 of 
AE. Make EG equal to AE, and draw 
GK parallel to ED irieetirfg the byperbolaf 
in K. If AE be i, hs fquare AEDC is i/ 
and the redahgle AGK is alfo z ; and be- 
caufe AG is 2, GR or EP is $ j wherefore 
EGRP is [,i. 6.3 one half of AD. * 

(2) Bifea GE in F, and draw FH paral-' 
iel to ED nfieetihg the hyperbola in H,' and 
'drjtw HQ^ parailel to AG, meeting ED itt 
(^ And becaufe AF is to AE, as ED tof 
FH or ECij bf converfion, AF is to FE; 
is ED to DQj bCit FE is the third part of 
AF ; therefore [D. 5.] DQ^is the third par^ 
of DE 6r of I } and if DC^ be fubtraacd 
frorii DP, v«rhieh is onfe half, the remiin- 
der QP fhall be otie fixth part of IX. i 
wherefore the right -an^ed parattclogram' 
HP is contained by HQ|, and by QP^,' 
and is therefore ^y of AD. 

(3) Bifea FE in L, and d^aw LM, MR; 
as before; and becaUfc LE is |- of LA; 
DR is ^ of DE I ; and if DR h together 
with QP ^, be fubtrafted from DP 1, the 
remainder RQ^ftiali be A; which bein]^ 

multiplied 
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multiplied by MR 4, gives jV of AD for 
the reftangle MQ. 

(4) Bife<a FG in N, and complete the 
redlangle FO. Becaufe NF is \ of NA, 
HY is f of HF; or of QF | : if therefore 
HY be fubtrafted from QP or HV, the re- 
mainder YV (hall be y^; which being mul* 
tiplied by ZV -^j gives yV of AD for the 
reSangle VO. In like manner, by bifed- 
ing EL, LF, FN, NG ; RS, uT, YW, 
:2X, ftall be found to be ^V> tju tvt> 
TT^j of AD; and this feries continued in 
infinitum exhaufts the hyperbolical fpacc 
EDHKG. Brouncker calculates a great 
number of the terms of this feries conti- 
pued, in decimal parts, and finds the funi 
of them to be •6931472 for the logarithm 
of 2 : and when AG is. to AE, that is, ED 
to GK, as 10 to I, he finds the hyperbo- 
lical fpace EDHKG to be 2.302585b, the 
fame with J^Iapier, Hence thefe logarithms 
are called hyperbolical. Not but that the 
common logarithms are alfo hyperbolical j 
for they expre(s the hyperboHcal fpace 
when the afymptotes contain an angle of 

54° 16'. 

Mercator likewife difcovered an infinite 
Iferies, expreffing the hyperbolical fpace a- 

H bove^ 
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l)ove, by a dHFercnt method : Hfa fcrics a, 
:3^ — f!4-iil — ?^ &c.; and if x be fop- 

pofed lefe than unit, for example ^, the 
feries will be --5- — f^ +"3x127 "~4x<J2jr> 
&c. If the fum of this feries be taken in 
.decimal fradions, the hyperbolical loga- 
,rithms of numbers that do not much exceed 
.unit are eafily obtained j and by this means 
the logarithms of moft whole numbers arc 
found. For example, if twice the loga- 
rithm of'± be added to the logarithm of |, 
the fum is the logarithm of 2 ; and if three 
times the logarithm of 2 be added to the 
logarithm of ^, the fum is the logarithrn 

.of JO, &c. 

Many more methods of finding loga- 
rithms might be mentioned, were it necef- 
fary. The reader may confult the treatife 
prefixed to Sherwin's Mathematical' Tables. 

50. The difcovery of the logarithms gave 
rife to the logarithmic' cVirve, In the 
ftraight line BH, fig. 5. let the points B, 
E, K, H, &c. be taken at equal diftanccs 
from one anorher -, from thefe pdints let 
llraight lines be drawn at right angles to 
BH in continued geometrical proportion j 
that is, BA to ED, as ED to KLj and as 
KL to HG, &C, The logarithmic curve 

IS 
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•is that whi^h paiTes through A, D, L,.G, 
the other extremities of the gtometric&lr. 
proportionals, and alfo through the extre- 
]:9it^;$ of any number of geometrical mean . 
proportionals placed at equal diftances be-. 
tween BA and ED, and between ED and 
KL,: &c. 

; While the geometrical mean proportio-*. 
nal/i or ordinates increafe or decreafe in 
continued geometrical proportion, the cor- 
r^ponding parts of BH, or abfciflcs, increafe 
or decreafe in arithmetical proportion ^ and 
therefore thefe laft reprefent the logarithms 
of the former. Thus, if KL, ED, BA, 
&e. reprefent the numbers i, 2, 3, occ. 
and if the logarithm of i be o, KE, KB, 
&c, fhajl reprefent the logarithms of 2, 3, 
^. The ordinates taken on the other fide 
of KL, fuch as HG, represent proper frac- 
tions : and becaufe the logarithm of KL 
rcprefenting 1 is o, if the Ilraight lines re- 
prefenting the logarithms taken from K to- 
wards* B be pofitive, KH, reprefenting the 
logarithm of the proper fradlion HG, {lull 
be negative, or in a contrary diredlion : and 

^ this is all that^is meant when it is faid [art. 
44,]. that the logarithms of proper fradtiona 
are Icfs than o. . 
- \ H 2 51. 
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^i. Hence numbers are not to one ano- 
ther accurately as their togarithtns [art, 30.J 
for if they were, A, D, L, G, the extre- 
mitres of the ordinates, would be in a 
ftrarght line [conv. 4. 6.} 

^2. Several properties of this curve have 
been difcovered : fuch as, that if twa 
ftraight lines AC, DF, be drawn, touching 
it in any two points A, D, meeting the 
axis BH in C, F; and if ordinates x^B, 
DE, be drawn from the points of contadt 
meeting the axis in B, E, the fubtangents 
BC, EF, fiiall be equal} that theredlanglc 
contained by the fubtangent BC, and by 
the ordinate BA, is equal to the Ipace con-^ 
taincd by the ordinate BA, and by the axi& 
• BH, and the curve ALG, continued in in^ 
Jiniturn ; that the curve itfelf is redifiable, 
that is, that a ftraight line can be found e- 
qoal to it, &c. See Hugen. Eptfi. de adr^ 
vis qiiihujdam pectdiaribus. 

Method of conjiruSting tables of logarithmic 
fines y tangents^ and jecanis. 

53. The logarithmic fines, tangents, and 
fecants, are the logarithms of the natural^ 
fines> tangents, and (ecants. 



' Example. To find the logarithmic fine 
of 23^ 

If the radius of the circle from which 
the table of natural fines is conftrufted be 
1 600000000, which is neccflfary for greater 
accuracy, the natural fine of 23° will be 
found to be 39073 11284* But becaufe ta- 
bles of logarithms do not commonly ex- 
tend to fo great a number, cut off, toward 
the left hand, fo many figures as the table 
extends to, fuppofe five, 39073 : find the 
logarithm of this laft number, which the 
table fhews to be 4.5918768 : add as many 
cyphers to 39073 as there are of figures in 
the natural fine more than in it ; that is, 
3967300000, and unit to the index of its 
logarithm for every cypher that is added : 
then the logarithm of 3907300000 will be 
9.5918768. Alfo the difference between 
, the logarithm. of 39073 and that of 39074^ 
the next greater number in the table is 1 1 1 ; 
therefore, as 1 00000 to in, the tabular 
difference, fo is 11284, the difference be- 
tween 39073 11 284 and 3907300000 to a 
fourth proportional 1 2. If this fourth pro- 
portional 12 be added to the former loga- 
rithm 9.5918768, thefum 9.5918780 (hall 
aearly be the logarithmic fine of 23"^. The 

logaritTimid 
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logarithmic iuie of any other nuihber of de* 
grees or minates is found in the fame man^^ 
ncr. 

^4* When the logaridimic fines are foondj 
to each degree and minute of the qo^dntnt, 
it is eafy to find the logarithmic tangents; 
for the cofine <)f any arc is to its fine as ra* 
dius to its tangent. If therefore the loga-' 
rithm of the cofine be fubtradied from the* 
fam of the- logarithms of the fine and ra-f 
ditis, the remainder (hall be the logarithm 
of the tangent of the fame arc. 

^^* And becaufe the cofiae of any arc^: 
radius, and the fecant of the fame arc, are. 
proportionals ; if the logarithm of the co-» 
fine be fubtradled from twice the logarttbm 
of the radius, the remainder (hall be the 
logarithm of the fecant* 

56. The logarithm of the radiusjs 10, 
with as many cyphers as there are decimal 
places in the table. The logarithm of the 
radius in Napier's firfi: tables k o : but he 
foon faw it would be nwre convenient to 
ihake it ro, as well as to alter the form of his 
logarithms from the hyperbolical to the com-* 
m0n ; both of which he diredls to- be done 
i'n the appendix to the fccohd editioo> pub-- 
K/hed after his death by bis fon« 

SECT. 
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ConftruSlion of the Plane Scale. 

PROP. !• PROB. Plate 1^. Jig. h.^ 

J. To divide a ftraight line AB into anjf 
number of equal fyarts. 

From the. point A.draw AC of any length, 
pontaining any angle with AB, and fron^ B 
.draw BD [31. i.] parallel to AC; from A 
towards C, and from B towards D, take off 
the number of equal parts into which AB 
is to be divided, each of them greater 
than each of the parts of AB 5 join the cor- 
refponding points of divifion in AC, BD 5 
the ftraight line AB fliall then [9. & 10. 6.] 
\yc divided into the number pf equal parts 
.fequired« 

Otloerwife. Fig. y^ 

Draw the ftraight line CD, terminated 
in C, but unlimited towards D, parallel tq 
, AB5 join CA, and produce, it towards E; 
from C towards D take off the number of 
pqual parts required as in the former me- 
thod \ join DB meeting CA in E, and from 
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E draw ftraight lihes to each of the points 
of divifion in CD., Thefc ftraight lines 
(hall [4. 6.] divide AB into the number of 
^qual parts required. 

Jt, Thejcales 0/ equal parts. Plate 2. J^g. r, 

« 

The ftraight line AB is divided into any 
number of equal parts [r., of this] in the 
points o, r, 2, 3, &c. each of the parts 
being fofne aliquot part or parts of an inch. 
Ao is divided into ten equal parts : if there- 
fore each of the large divifions AB be rec- 
koned ten, each of the divifions in A^ will 
be unit ; and if each of the large divifions 
in AB be reckoned a hundred, each of the 
divifions in Ao will be ten, &c. 

3 . To take off from this fcale a line of 
a given number of equal parts, for exam- 
ple 65, Extend the compafl^cs from 6 on 
the large, to 5 on the fmall divifions, it is 
the line required. In like manner, the di- 
ftance from 7 on the large, to 2 on, the 
fmall divifions, is a line of 72 equal part$, 
&;c. 

4. This fcale is rendered inpre ufeful by 
(Irawing CD parallel to AB, and dividing 
^0, which is equal to Ao, into tw*elve e- 

(^ual 
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qual parts. By this means, if the large di- 
vifions in CD be reckoned feet, the divi- 
iions in C^ will be inches, &c. Thus the 
diftance from 7 in the large divifions upon 
iD, to 8 oh the imall divifions from to 
C, exprefles a line of 7 feet 8 inches ; and 
jfo on. 

5. In order to enlarge or diminifh a gi- 
ven plane, it is convenient to have a varie- 
ty of thefe fcales as in the figure. Num-^ 
bers are fet down towards A, (hewing into 
how many equal parts the inch is divided 
in each fcale. 

« 

The diagonal fcale of equal parts. Fig. 2. 

6. A right-angled parallelogram ABCD- 
is defcribcd. One of its longer fides EC is 
divided into any number of equal parts in 
the points E, 1,2, 3, 4, &c. and through 
each of thefe points ftraight lines are drawn 
parallel to BA, meeting AD. BE and AF 
are each of fhem [i. of this] divided into 
ten equal parts ; through the firft point 
t>fdivifion from F towards A, . a ftraight 
Hne is drawn to E j and through every 
other point of divifion from 1^ to A inclu* 
fively, ftraight lines are drawn parallel to 

I the 
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the firfl:, meeting EB in i, 2, 3, 4, &c^ 
Laflly, BA is divided into ten equal parts 
Jn the points i, 2, 3, 4, &c. and through 
each point of divilion a ftraight Inie i? 
drawn parallel to BC. 

7- The line BE is now divided into an 
hundred ccpiat parts. To take ofF any num* 
ber of thefe equal parts, for example 64 ^ 
obferve the point where the line that pro- 
ceeds from 6 upon BE, cuts the line that 
proceeds frorrt 4 upon BA ; the diftance 
between this point and EF contains 64 of 
the equal parts, whereof BE contains an 
hundred. In like marrner, the diftance 
from the point where the line that proceeds 
from 8 upon BE, ems the line that pro- 
ceeds from 5 upon BA, to EF, will contain 
85 equal parts of the hundred. To take off 
from this feale a line of 365 equal parts, 
obferve the point where the line that pro:* 
cceds from 6 upon BE, cuts the line th^ 
proceeds from 5 upon BA; the diftancd 
from tljis point, to the line that proceeds 
f om 3 upon EC, is a line of 365 equal 
parts i and fo on. 

^ Another diagonal fcale, of one half the 

^ — * 

length of the firft, is commonly put on the 

Qtber 
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other end at D and C ; its large divifions 
)are marked from D towards A. 

8. To defcribe the plane of a given trir 
angle ABC, by the fcale of equal parts. 
Plate 3. fig. 8. 

Take off the fcale a line of the fame 
number of equal parts with BC; let this 
line be EF; again, take off the fame fcale 
a line of the fame number of equal parts 
with BA, and wit^i that diftance from the 
centre E defcribe an arc 2 Uftly, from the 
centre F, with a diftance equal to the num- 
ber of equal parts in CA» defcribe another 
arc, cutting the forrper in D, and join ED 
and FD j the triangle DEF is [22. & 23. i.] 
the plane of the triangle ABC. 

9. If, in the fame mapner, triangles 
pKE, DLF, be dcfcribed upon each of the 
ftraight lines ED, FD, the fides of which 
contain the fame number of equal parts 
with the fides of the triangles AGB, AHC,i 
each of each j the five-fided redtHineal fi- 
gure DKEFL (hall be [20. 6,] the plane of 
the five-fided redliUneal figure AGBCHw 
|n like manner, the plane of any given rcc-. 
I^l^ne^l figure may be defcrib^d. 



68 Plane Sea.IIL 



The protraBing f coles. "Plate 2. Jig. 3. 

10. Line of chords. A circle ADBE is 
defcribed from the centre C ; the quadrant 
pA is [30. 3. & cor. 15. 4.] divided into 
ninety degrees *, and DA is joined \ from 
the centre D, with the diftance of each 

^ point of divifion in the quadrant, arcs arc 
defcribed meeting DA in 10, 20, 30, &C.5 
Dig, D20, D30, &c. are the chords of 
10, 20, 30^ &c. degrees. This Hne with 
its divifions is transferred to the fcale, and 
marked CH. 

11. To make at the point A, plate 3. 
fig. 9. in the flraight line AB, an angle of 
any number of degrees % ioi example forty, 
by the line of chords. ' 

* In order to divide the circumference of a circle 
into degrees and minutes, it is requifite to divide a gi- 
ven circumference into three equal parts. This is the 
famous problem ot the trifedlion of an angle, of which 
feveral ibluiions have been given by ancient and mo- 
dern geometricians. No general folution of it, fo far 
as I know, is, or can be given, but mechanical]), or 
by means of the higher geometry. See 7. &8. Arckim. 
de lin, fpiraL ; Viette Theor, ad angulares fediones ; 
Neyt. Arith, Univer, Appen, de aqua, covftr, lineari,; 

J. 6^ 2. Appen. Simf. Con. Ed. 2. 

« ■ 1. 

Take 



r 



Seia.IH. Trigonometry. 69 

Take the chord of lixty degrees from the 
fcale ; from the centre A, with that di- 
ftance, defcribe an arc CD ; and from the 
centre C, with the diftance equal to the 
chord of forty degrees, defcribe another arc 
cutting the former in D -, join AP ; DAC 
is an angle of forty degrees. 

12^ To find of how many degrees any 
angle EAB confifts, by the line of chords. 
From the centre, with the diftance equal 
to the chord of fixty degrees, defcribe an 
^rc meeting AB, AE^ in C, D ; the diftance 
CD, applied to the line of chords from th? 
beginning of it, gives the number of de- 
grees of the angle EAB. 

13. Line of fines. Plate 2. fig. 3. CD 
is drawn, and through each point of divi- 
fion in the quadrant DA, a perpendicular is 
drawn to CD ; thefe perpendiculars, which 
[def. 2. fedl. i.] are the fines of the arcs 
Dio, D20, D30, i5cc. are transferred to 
the fcale, and marked Si. The natural 
fine of an angle is found by this line, 

14. Line of tangents. Prom the point 
D, DG is drawn at right angles to DC 5 and 
froiji the centre C, ftraight lines are drawn 
through each point of divifion in the qua- 
drant DA, meeting DG in 10, 20, 30, &c. 

The 
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The ftraight lines Dio, D20, D30, &c. 

which [def. 3. feft. i.] are the tangents of 
the arcs Dio, D20, D30, are transferred 
to the fcale, and marked Ta. By means 
of it, the natural tangent of a given angle 
as found. 

15. Line of fccants. The ftraight lines 
intercepted between the centre and the ex- 
tremities of the tangents, transferred to the 
fcale, make [def- 4. ic&. i.] a line of fe- 
jcants. It is commonly made the continua- 
tion of the line of fines upon the fcale. 

16. Line of half tangents. If CA b? 
joined, and ftraight lines drawn from E to 
each point of divifion in the quadrant AD, 
cutting CA in 10, 20, 30, $cc. CA ft^all 
be divided into a line of half tangents, Be- 
paufe [20. 3.] the angle at the centre is 
double of the angle at the circumferencc;j 
fo the lines Cio, C2Q, C30, &c.. on CA;, 
are the tangents of 5, 10, 15, degrees of a 
pircle of this radius, Th\s line on the fcale 
is marked S. T, • 

17. Line of run^bs. A quadrant BE is 
divided into eight equal parts i each of thef? 
equal parts is divided into four equal parts; 
the diftance from B to each point of divi- 
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fion in the quadrant being fet off on BE, 
divide it into a line of rumbs. 



Of the Logarithmic fcales. 

18. Line of numbers* This line, mark- 
ed Num. on the fcale, is conftrudled by 
means of a fcale of equal parts of the fame 
length with the intended line of numbers* 
and a table of logarithms. The fcale of e- 
qual parts confifts of twenty equal primary 
divifions, marked i, 2, 3, 4, 5, 6, 7, 8, 
9, 10 ; each of thefe divilions is divided in- 
to ten equal divifions more j and each of 
thefe. again into ds many as their lengths 
will admit of: therefore, if the primary di- 
vifions be reckoned hundreds, the next fub- 
divifions will be tens, and the next to thefe 
units. Jhe line of numbers is bifedted in 
1. If the beginning of the line of num- 
bers be reckoned unit, the middle point of 
it is to be reckoned ten, and the other end of 
it an hundred. In like manner^ if the begin- 
ning be reckoned ten, the middle point is an 
hundred, and the other end a thoufand ; or 
if the beginning be reckoned one tenth, 
the middle point is unit, and the other end 
ten* 

19- 
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19. The logarithmic diftances from unit 
to ten, and froni ten to an hundred, are 
taken from the fcale of equal parts in this 
manner. Obfervc, in a table of logarithms^ 
the three firft figures of iht decimal part of 
the logarithm qf 2, viz. 301 5 then take 301 
ofFthe fcale of equal parts, that is, three of the 
primary parts, together with one hundredth 
part of the next primary part, and fet it ofl^ 
from the beginning of the line of numbers 
to 2 ; the diftance from the beginning of 
the line of numbers to 2 is the logarithmic 
diftance of 2. Next obferve the three firft 
figures of the decimal part of the logarithm 
of 3, viz. 477 ; take 477 from the fcale of 
equal parts, as before, and fet it off froni 
the beginning of the line of numbers to 3. 
In like mariner, the number of equal parts 
anfvvering to the three firft figures of the 
decinidl part of the logarithm of 4 is to be 
fet off from the beginning of the line of 
lumbers to 4 -, and fo on to ten. The lo- 
garithmic diftances from i to. 2, from 2 to 
3, from 3 to 4, &c. found as above, are to 
be fet off on the other hulf of the line of 
numbers, from i to 2, from 2 to 3, &c. 
Hence, if the figures marked upon the firft 
half of the fcale be reckoned units, thofe 

on 
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on the other half ftiall be tens, viz. 20. 
30, 40, &c. to an hundred j and if the fi- 
gures marked on. the firft half be reckoned 
tens, thofe on the other half will be hun- 
dreds, &c. 

20. In order to find the logarithmic du 
fiances from ten to twenty, from twenty to 
thirty, &c. Obfcrve, in the table of loga-^ 
rithms, the three firft figures of the dcci- 
mal part of the logarithm of 11, viz. 041 ; 
take 04 1 from the fcale of equal parts, that 
is, four of the fccondary parts, and one 
tenth of another j this diftance, fet off from 
I towards 2, both from the beginning and 
from the middle of the line of numbers, 
gives the point expreffing 11. In like man- 
ner, the number of equal parts, anfwering 
tp the three firft figures of the decimal part 
of the logarithm of each of the numbers 
12, 13, 14, &c. to 20, being fet off from 
the beginning and middle of the line of 
numbers, gives the point expreffing 12, 13, 
14, &c. and if thefe points from i to 2 at 
the beginning of the line be reckoned 
tenths, (as when the beginning is reckoned 
unit), thofe from i to 2 at the middle fhall 
be units ; or if thefe from the beginning to 
2 be reckoned units, (as when the begin- 

K ning 
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fling is reckoned ten), tbofe from the mid-t 
die to 2 (hall be tens, &c. In like man-i 
ner, the points expreffing 21, 22, 23, &c, 
31, 32, 33, &c. are to be found and mark-* 
ed from 2 towards 3, and from 3 towards 
4, on each half of the line ; and fo on^* 

The lines marking thefb points laft found^ 
from the middle to 2, from 2 to 3, from 3 
to 4, from 4 tQ 5, are made long, in order 
to diftinguif^ thcip fronif th^ following Tub- 
divifions. 

2 1 • If the equal parts anfwering to thtt 
firft figures of the logarithms of any num-. 
ber of the fraftions between ten and eleven, 
and between eleven and twelve, &c. be fet 
off from I at the middle of the line towards 
the point anfwering to eleven, and from c- 
leven towards twelve, &c. the line of num-. 
bers ffiall be fo divided as to anfwer a num-? 
ber of three or more places of figures. 

22. Multiplication by the line of num- 
bers. Extend the compares from the be^ 
ginning of the line to one of the faSors j 
the fame diftance (hall reach from the other 
faftor to the produft. Example. To mul- 
tiply 4 by 9. Extend the cpmpaffes from i, 
at the beginning of the line, to 4 ; the famcf 
(diftance fhall reach from ^ to the prod^i^ 36. 

?3^ 
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23. Divifion by the line of numbers. 
Extend the compaiTes from the dividend to 
the divifor ; the fame diftance (hall reach 
from unit to the quotient. Thus, the di- 
ftancc from 72 to 9 (hall reach from unit 
to 8» which is the quotient of 72 divided 
by 9. 

24. Proportion by the line of numbers. 
£x:tend the compa(res from the (irft term of 
the proportionals to the fecond ; the fame 
diftance^ taken in the fame diredion, fliali 
reach from the third term of the proportio* 
nals to the fourth : fo the diftance from 3 
to 6 (hall reach from 4 to 8 ; and fo on. 

25. The line of logarithmic fines. This 
line, marked Sin. may be conftrucSled in 
this manner. Obferve, in a table of loga- 
rithmic fines, the three firft figures of the 
decimal part of the logarithmic fine of tea 

degrees, viz. 239; take 239 from the fcale 1 

of equal parts, (as was done in the line of i 

numbers), and fet it off from the latter end 1 

of the fcale (marked 90) towards the be-- 
ginning, ntiarking the point where it falls 
80. In like manner, obferve the three 
firft figures of the decimal part of the loga- I 

rithmic fine of twenty degrees, viz. 534 ; J 

take 534 from the fcale of equal parts, and ' 

K 2 fet < 
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ftt it ofF from 90 as before, marking the 
point it reaches 70. The other points of 
divifion, anfwering to any degrees arid txiU 
nutes, are found in the fame manner. 

26. The line of logarithmic tangents* 
This line is conftrudted in the fame manner 

as the line of logarithmic fines: only the 

• • • » . 

logarithms of the tangents are to be taken 
out of the table. The left-hand end of it 
is marked 45 5 becaufc the tangent of for-^ 
ty-five degrees is equal to radius; The 
tangents of degrees, above forty-five, are td 
be counted backwards : fo the tangent of 
forty degrees is alfo the tangent of fifty, the 
tangent of thirty degrees is alfo the tangent 
of fixty, as is commonly marked on fcales. 
The chief ufes of the logarithmic (bales of 
*fines and tangents (hall be mentioned af^ 
terwards in folving the cafes of plane and 
fphcrical triangles. 

27; The lines ^of logarithmic fines of 
rumbs, and tangents of rumbs, (marked 
5. R. T. R.), are cdnftrufted as the lines of 
logarithmic fines and tangents; only the 
logarithms of the fines and tangents of the 
degrees that correfpond to each point of 
the compafs muft be taken out of the table, 

28. 
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28. The line of logarithmic vcrfed fines 
(marked V. S.) may be conftrudled, by 
fqblrading the logarithmic cofinc5 of ten> 
twenty, thirty, &c. degrees fr6m the loga- 
rithm of the radius, and fetting off the e- 
qual parts anfwering to the firft figures of 
the decimal part of the remainder^ as on 
the other fcales. 

29. Of the SeSlor. Flate 2. jig. 4. 

The lines of lines, marked Lin. is divi- 
ded into ten equal parts y each tenth part of 
it is divided into ten equal parts more, and 
each of thefe again into halves^ or more e- 
qual parts, if their lengths admit of it. 

30. The lines of fines marked Sin. the 
lines of chords marked Cho. and the lines 
^f tangents marked T^an. are each of them 
equal to the lines of lines ) and fo adjufted, 
that the angle contained by the lines of lines 
at the centre of the feftor is equal to that 
<^on tallied by the lines of fines, by the lines 
of tangents, and by the lines of chords. 

31. To conftrud the lines of fines. Ob- 
fervc, in a table of natural fines, the three 
or four firft figures of the natural fine of 
ten degrees, viz, 1735 take 173 off the 

line 
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line of lines | firoai the centre, with this 
diftance, mark the lines of fines: thefe 
points give the fine of ten degrees. In like 
manner, 342, viz. the three firft figures 
of the natural fine of twenty degrees be- 
ing taken from the line of lines, and fet 
off from the centre on the lines of fines^ 
gives the fine of twenty degrees $ and fo oa 
to ninety degrees. In the fame manner, 
the points anfwering to fingle degrees, and 
to as many minutes as the length of the 
fedor admits of, are to be found. 

32. The lines of chords. The fever^ 
points in thefe lines may be fotind by taking 
from the table of natural fines the fine of 
half the propofed number of degrees or mi- 
nutes, and fetting off twice this diftance 
from the centre of the iedor upon the lines 
of chords. Thus, to find the points an- 
fwering to the chord of ten degrees ; ob: 
ferve, in the table, the two firil figures of 
the natural fine of five degrees, viz. 87; 
take the double of 87 ( 1 74) from the line 
of lines, and fet it off from the centre upon 
the lines of chords; the points fo found 
anfwer to the chord of ten degrees ; and 
fo on to fixty degrees. 

33- 
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33. Lines of tangents. Thefe lines are 
conftrudted as the lines of fines ; ' only the 
firft figures of the natural tangents are to be 
taken from the table. 

The lines of tangents above forty-five 
degrees (marked tan.) begin fone fourth 
part of the radius of the other tangents from 
the centre, and are conftruded by taking 
from the line of lines the fourth part of the 
natural tangent of the given degree, and 
fetting it off from the centre. Thus, the 
four firfi: figures of the natural tangent of 
fixty degrees are 1732 ; the fourth part of 
which is 433 : if 433 be taken from the 
line of lines, and fet off from the centre of 
the fedtor, it (hall giye the tangent of fixty 
degrees, &g. 

34* The lines of fecants are conffruded 
and placed as thofe of tangents above forty* 
five degrees, by taking the fourth part of 
each natural fecant from the table, and 
from the line of lineSt 

35. The lines of polygons (marked Pc/.) 
are confiruded by taking the divifions of it 
from a fcale of chords, in which the chord 
pf ninety degrees is equal to the radius of 
the fedlor. Thus the chord of thirty de- 
grees b^ing taken from fuch a fcale of 

chords4 
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chords, and fct off from the centre of the 
fedor on tbefe lines, gives the points 12; 
the chord o^ thirty-fix degrees being fet off 
in the. fame manner gives the points 10, Sec. 
If the radius of a circle be e:^tended from 6 
to 6 on thefe Kdes, the diftance from 4 to 
4 fhall be the fide of a fquare, the dif^ance 
from 5 to 5 (hail be the fide of a pentagon 
infcribed in that circle, and fo on. 

36. The lines of numbers, logarithmic 
fines, tangents, &c. arc commonly put up- 
on the feftof, fo as to be ufed when it is 
folly open. Some fetors have alfo the lines 
of the protra£ling fcales, &:c- 

37. The diftance from the centre of the 
fe£tor on any of the lines that proceed from 
the centi-e is called lateral diftance % and 
the diftance from any point in a line on one 
fide of the kStox to the correfponding point 
on the other fide is called parallel diftance^ 
as from 40 to 40 on the lines of lines. 

38. Multiplication by the lines of lines. 
Make the lateral diftance of one of the fac- 
tors the parallel diftance of 10 3 the parallel 
diftance of the other fador is the produdk 
{4. 6.]. Example. To multiply 5 by 6, 
Extend the compafles from the centre of 
the fedtor to 5 on the primary divifions, and 

open 
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opeii the fedor till this diftance become 
the parallel didance from lo to lo on the 
fame diviiions; then the parallel diftance 
from 6 to 6, extended from the centre of 
the fedor, fhall reach to 3, which is now 
to be reckoned 30. At the fame opening 
of the fedor the parallel diftance of 7 fhall 
reach from the centre to 35, that of 8 fhall 
reach from the centre to 40, &c. 

39. Divifion by the lines of lines. Make 
the lateral diftance of the dividend the pa-^ 
rallel diftance of the divifor> the parallel 
diftance of 10 is the quotient. Thus, to 
divide 30 by 5, make the lateral diftance 
of 30, viz. 3 on the primary divifions, the 
parallel diftance of 5 of the fame divifions ; 
then the parallel diftance of lo, extended 
from the centre, fhall reach to 6. 

40* Proportion by the lines of lines. 
Make the lateral diftance of the fecond 
term the parallel diftance of the firft term, 
the parallel diftance of the third term is the 
fourth proportional. Example. To find a 
fourth proportional to 8, 4, and 6, take 
the lateral diftance of 4, and make it the 
parallel diftance of 8 ; then the parallel di- 
ftance of 6, extended from the centre, fhall 
reach to the fourth proportional 3. 

L la 
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In the fame manner, a third proportional 
is found to three numbers. Thus, to find 
a third proportional to 8 and 4, the fcflor 
remaining as in the former examf)le, the 
parallel diftance of 4, extended from the 
centre, (hall reach to the third proportional 
2. In all thefe cafes, if the number to be 
made a parallel diftance be too great for the 
fedtor, fome aliquot part of it is to be taken^ 
and the anfwer is to be multiplied by the 
number by which the firft number was di- 
vided. Thus, if it were required to find a 
fourth proportional to 4, 8, and 6 \ becaufe 
the lateral difiance of the fecond term 8 
cannot be made the parallel diflance of the 
firft term 4, take the lateral difiance of 4, 
viz. the half of 8, and make it the parallel 
diftance of the firft term 4 \ then the pa^ 
rallel diftance of the third term 6 fiiall 
reach from the centre to 6, viz» the half 
of 12. Any other aliquot part of a num- 
ber may be ufed in the fame way. In like 
manner, if the number propofed be too 
fmall to be made the parallel didance, it 
may be multiplied by fome number, and 
the anfwer is to be divided by the fame 
number. 

41. 
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41. To protrafl: angles by the lines of 
chords, plate 3. fig. 9. Example. At the 

■ point A, in the ftraight line AB, to make 
an angle of any given number of degrees, 
fuppofe forty. Extend the compafles from 
the centre of the fedor to 60 on the line of 
chords ; from the centre A, with that di* 
ftance on AB, defcribe an arc CD ; open 
the fedor till the lateral diftance of 60 on 

T the line of chords become the parallel di-. 

,. ftance from 60 to 60 on the fame ; the fee- 

[ tor remaining fo, take the parallel diftance 

■ from 40 to 40 on the lines of chords ; and 
\ froa> C mark the arc CD with it in D. If 
\ DA be joined, DAB (hall be an angle of 

forty degrees. In likt manner/ if it be re- 
quired to fir^d the number of degrees con- 
I tained in an angle EAB, the arc CD is to 
;, be defcribed, and the fedtor opened as be- 
i fore ; then the diftance from C to D fliall 
i reach from 40 to 40 on the lines of chords. 
; 42. To make a redilineal figure, fig. 8. fi- 
! milar to the given redilineal figure AGBCH 
i by means of the lines of chords on the kdor, 
\ I, and a line of equal parts. Make EF of the 

ifame number of equal parts with BC ; make 
J the angles EFL, FEK, equal to the angles 
i BCH, CBG, each to each, (by the prece- 

h Z .ding), 
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ding), and make FL, BK, of the fame 
number of equal parts with CH, BG, each 
to each, and (b on. The 6gure DKBFL 
is fimilar to the figure AGBCH. 

N. B. When the angle to be made by 
the lines of chords at any point F contains 
more than fixty degrees, it muft be divided 
into two parts. 

43. To infcribe, in a given circle, a re- 
gular polygon by means of the lines of po-« 
lygons. Make the radius of the circle the 
parallel diftanc^ from 6 to 6 on the lines of 
polygons 5 the parallel diftance of 4, 5, 6, 
7, 8, &c. {ball each of them be the fide 
of a fquare, the fide of a pentagon, the fide 
of a hexagon, &c. infcribed in that^ircle. 
It is manifefi: the fame thing may be done 
by means of the lines of chords. The 
chief ufes of the other lines upon the feSor 
will be defcribed in the fe£tions which jtreat 
of plane and fpherical trigonometry, and 
the projedion of the fphere* 
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SECT. IV. 

Plane Trigonometry. 

PRCTP. I. THE OR. Plate ^^ Jig.} o, 

1, Jf BA, the bypothenuje^ that is, the Jide 
oppofite to the right angle of any rights 
angled triangle ABC, be made radius y 
each of the other fides fhall he the fine of 

.. the angle oppofite to itfelf 

From the centre B, with the diftancc 
BA, defcribe the circle ADE, meeting BC 
produced, in D : it is manifeft [def. 2.], 
that AC is the fine of the arc AD, that is, 
of the angle ABC. For the fame reafon, 
if from the centre A, with the fame di- 
ftancc AB, a circle be defcribed, BC (hall 
be the fine of the angle BAC. 

Cor. I. BA and AC, fig. ii. the hy- 
pothenufe, and one fide of a right-angled 
triangle ABC, being each of them given, 
to find the angle ABC oppofite to AC 5 for 
example, let BA be 406 equal parts, and 
AC 220. 

()) Solution by the table of natural fines. 
A fourth proportional to the three terms 

406, 






86: Plane Sed.IV. 

406, 220, and the radius 1 0000000, viz. 
5417082 is the natural line of the angle 
ABC, thirty-two degrees forty^cight mi- 
nutes. 

(2) Solution by the logarithmic tables 
of numbers and* fines. Add 2.34^227, 
which is the logarithm of AC 220, to that 
of radius 1 0.0000000 ; and from the fum 
12.3424227 fubtraft 2.6085260, which 
is the logarithm of BA 406, the remain- 
der 9.7338967 is the fogarithmic fine of 
the angle ABC, thirty^two degrees and for- 
ty-eight minutes, as before. , 

(3) Solution by the logarithmic fcales. Ex- 
tend the compaffes on the line of numbers 
from 406 to 220, the fame diftance fhall 
reach on the line of fines from 90 to the 
number of degrees and parts of a degree 
fought. 

(4) Solution by the fedor. Take 406 in 
, the compaffes from one of the lines of lines j 

open the fedtor till this diftance become the 
parallel diftance from 90 to 90 on the lines 
of fines ; then take 220 from the line of 
linesr: this laft diftance being made a pa* 
rallel diftance on the lines of fioes, ftiall 
give the number of degrees and minutes 
fought, in this cafe thirty-two degrees and 

forty^ 
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forty-eight minutes, the fame as by the for- 
mer methods. 

Cor. 2. The hypothcnufc BA, and an 
^Qgle ABC, being given, to find the oppo- 
iitc fide AC. AC is a third proportional to 
the thr^ec terms, radius, the fine of the angle 
ABC, and the hypothcnufe BA, which is 
found by any of the preceding methods. 

Cor. 3. The angle ABC, and a fide 
AC being given, to find, the hypothenufc 
BA. BA is a third proportional to the three 
t^ms, viz. the fine of the angle ABC,x ra- 
dius, and AC. 

PROP. II. THEOR. Fig. 10- 

2. If BA, the hypothcnufe of a right-angled 
triangle ABC, be made radius y each of the 
other fides Jhall be the cofne of the angle 
adjacent to itfelf 

Becaafe BCA is a right angle, the other 
angles CBA and CAB are together [32. i.] 
equal to a right angles therefore any one 
of thefe angles [def. 5.] is the complement 
of the other j wherefore (by the preceding 
and def. 6.) BC and CA are each of them 
the cofines of each of the adjacent angles 
CBA, CAB. QJ2. D. 

Cor. 



I 

I 



88 • Plane Sea. IV. 

Cor. Hence, the cofine of the angle 
ABC, fig. II. is a third proportional to the 
three terms BA, BC, and radius. 

Example. Let BA be 406, and BC 334, 
to find the angle ABC. 

(i ) By the logarithmic tables. Add the 
logarithm of BC 334, to the logarithmic 
radius, and from the fum fubtrad the lo- 
garithm of B A 406, the remainder fhall be 
the logarithmic cofine of the angle ABC. 

(2) By the logarithmic fcalcs. Extend 
the compares on the line of numbers from 
406 to 334; the fame diftance (hall reach 
on the line of fines, from 90 to the number 
of degrees which is the complement of the 
angle ABC. 

(3) By the fedor. Open the fed:of 

the lateral diftance of 406 from one of the 

lines of lines become the parallel diftance of 

90 and 90 on the lines of fines ; then the 

lateral diftance of 334 from a line of lines, 

applied parallel wife on the lines of fines, 

fhall fall upon the number of degrees which 

is the complement of the angle ABC. In 

like manner, if the hypothenufe AB, and 

the angle ABC, be given, the fide BC is 

found, becaufe it is a fourth proportional to 

the three terms, viz. radius, the cofine of 

the 
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the angle ABC, and the hypothenufe BA. 
Thus, if the number of equal parts in BA 
be taken from one of the lines of lines up- 
on the fedor, and made a parallel didance 
from 90 to 90 upon the lines of fines, then 
the parallel diftance of the number of degrees 
which is the complement of the angle ABC 
fhall reach on one of the lines of lines from 
the centre of the fedor to the number of c- 
qual parts in BC. Aifo, if the angle ABC 
and the fide BC be given, the hypothenufe 
BA is found 3 becaufe it is a fourth propor- 
tional to the three terms, the cofine of the 
jingle ABC, radius, and BC« 

PROP. III. THEOR. Fig.io. 

3. 1} BC, one of the fides containing the 
right angle of a right-angled triangle ABC, 
be made radius^ the other fide CA P:all be 
the tangent of the oppofite angle ABC, and 
the hypothenufe B A fi:all he the fee ant of 
the fame angle. 

From the centre B, with the diftance 
BC, defcribe the circle CFE, meeting BA 
in F. It is manifeft [def. 3.], that CA is 
the tangent of the arc CF, or of the angle 
ABC ; and [def. 4.] BA is the fecant of the 

M fame 
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fame arc CF, or of the angle ABC. For 
the fame rcafon, if from the centre A, 
with the diftance AC, a circle be- defcri- 
bed, CB (hall be the tangent of the angle 
BAC, and AB fliall be the fccant of the 
fame angle. QJl. D. 

Cor. I. Hence, if a fide BC, fig. ii. 
and the adjacent acute angle ABC of a 
right-angled triangle ABC, be given, the o- 
ther fide C A is found ; becaufc it is a third pro- 
portional to the three terms, viz. radius, the 
tangent of the angle ABC, and the fide BC* 

Thus, if BC be 334 equal parts, and the 
angle ABC thirty-two degrees and forty- 
eight minutes, to find CA. 

( 1 ) By the logarithmic tables. Add the lo- 
garithm of BC334 to the logarithmic tangent 
of the angle ABC 32® 48^, and from the funi 
fubtradt the logarithm of the radius, the re- 
mainder ft)aU be the logarithm of CA 220. 

(2) By the logarithmic fcales. Extend the 
compaflcs on the line of tangents from ra- 
dius, viz. 45° to 32° 48'; the fame di- 
ftance (hall reach on the line of numbers 
from 334 to 220. 

(3) By the fedlor* Take 33*4 in the 
compafles from one of the lines of lines ^ 
make that a parallel diftance from 45 to 45 

upon 
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upon the lines of tangents ; then take the 
parallel diftance of 32® 48' on the lines of 
tangents, and it {hall reach from the centre 
of the fcftor upon a line of lines to 220, as 
before . 

Cor, 2. If BC and CA be each of them 
given, the angle ABC is found 5 becaufe its 
tangent is a fourth proportional to the three 
terms, BC, CA, and radius. In like manner, 
the angle BAC is found mutatis mutandis. 

Cor. 3. If CA, and the oppofite angle 
ABC, be given, the adjacent fide BC is 
found ; becaufe it is a fourth proportional to 
the three terms, viz. the tangent of the 
angle ABC, radius, and the other fide AC. 

PROP. IV, THEOR. Fig. 12. } 

4. Apiy two fides AB, BC, of any triangle 
ACB, are to one another as the fines of the 
angles BC A, BAC, oppojite to thefe fdes *, 
that is, AB is to BC. as the fine of the 
angle BC A, to the fine of the angle BAC. 

At the point A, in the ftraight line AC, 
make [23. i.] the angle CAF equal to the 
Jingle ACB ; from the centre A, wiih the di- 
ftance AB, defcribe the circle BGF, meet- 
ing AC and AF in G and F j from F and B 

M 2 draw 
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•draw [12. I.] FE and BD at right angles to 
AC. Bccaufe the angle AEF is equal to the 
angle CDB, each being a right angle, and 
that the angle EAF is equal to the angle 
DCB by conftruaion, the triangles FAE, 
BCD, are [32. i.] equiangular ; wherefore 
[4. 6.] AF is to FE, as CB to BD ; alter, 
nately, AF or AB is to CB, as FE to BD, 
But FE [def. 2.] is the fine of the arc FBG, 
or of the angle FAC, which, by conftruc- 
tion, 18 equal to the. angle ACB, and BD 
IS the fin^ of the arc BG, or of the angle 
B AC ; therefore AB is to BC, as the fine 
of the angle BCA to the fine of the angle 
BAG. Q. E. D. 

Cor, I. Hence, if BA and BC, fig. 13. 
two fides of any triangle BAC, be each of 
them given, and an single BCA oppofite 
to one of them, the angle PAC, oppofite 
to the other fide, is found j becaufe its fine 
is a third proportional to the three t^rma 
BA, BC, aqd the fine of the angle BCA. 

Thus, let BA be 23? equal parts, BC 297, 
and the angle BCA forty-eight degrees, to 
find the angle BAC. ( i) By the logarith- 
mic tables. Add the logarithm of BC 297, 
to the logarithmic fine of the angle BCA 
^S"", and from the fum fubtratS the loga-* 

rithm 



k: 



»•* • ' 1 



Scd.IV. TRIGONOMETRYt 93 

«thm of BA 232, the remainder fliall be 
the logarithmic fine of the angle BAC. 

(2) By the logarithmic fcales. Extend 
the compafles on the line of numbers from 
232 to 297; the fame diftancc (hall reach 
on the line of fines from 48^ to the num- 
ber of degrees of the angle BAC. 

(3) By the fedor. Make BA 232, viz, 
the fide oppofite to the given angle, the 
parallel diftance of 48^ on the lines of fines; 
then the lateral diftance of the other fide 
BC 297, applied parallel wife on the lines 
of fines, (hall fall on the number of degrees 
of the angle BAC. 

Cor. 2. If two angles BCA, BAC, be 
each of them given, and a fide BA oppo- 
fite to one of them, the fide BC, oppofite 
to the other angle, is found ; becaufe it is a 
fourth proportional to the three terms, the 
fine of the angle BCA, the fine of the angle 
BAC, and the fide BA. In like manner, 
if the fide BC, and each of the angles BAC, 
BCA, be given, the fide BA is found. 

N. B. When two fides, and an angk 
oppofite to one of them, are given, in order 
to find the angle oppofite to the other fide, 
the fide oppofite to the given angle is to be 
piade the firft ternj of the proportionals. 

And 



*■% 



94 •: PtANE Sqa.IV. 
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And When two angles, and a fide oppofite 
to one of them, arc given, in order to find 
the fide oppofite to the other angle, the fine 
of the angle oppofite to the given fide is to 
be made the firft term of the proportionals. 
It is to be obferved like wife, that the fo- 
lutions by this propofition are fometimcs 
ambiguous ; becaufe the fine of an angle 
kfs than ninety degrees, jls equal to the fine 
of an angle as much greater than ninety 
degrees. Tb6 ambiguity is avoided, if the 
fum of the other two angles be ^nown ; 
becaufe [32. i.j the three angle; of a tri- 
angle are together equal to two right 
angles. 

PROP. V. THEOR. i^i;?. 14. 

5, The fum of any twojides, Bhand AC^ of 
any triangle ABC, is to the difference ef 
the fame fdeSy as the tangent of half the 
fum of the angles ACB, ABC, oppofite to 
ihefe fides^ to the tangent of half the dif- 
ference of the fame angles. 

Let AC be the greater fide, ABC [18. 1.] 
is the greater angle. Produce BA, and 
make AE equal to AB, and AD equal to 
AC ; make AG equal to AB or AE ; BD 

is 
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is the fum of the two fidcSi BA and AC; 
ED or GC is their difference ; joih DC, 
EG, and they (hall [2. 6.] be parallel; join 
BG, meeting DC in H ; ahd from the 
centre B, with the diftance BH, defcribe 
the circle HKL, meeting BC in K, and 
BD in L : laftly, bifca the angle EAG by 
the ftraight line AF, meeting EG in F ; 
the angle EAF is [32. i.] equal to half the 
fum of the angles ABC, ACB. Becaufe 
EA is equal to AG, and the angle EAF to 
the angle GAF, EG [4, i.} is bifeded at 
right angles by AF ; but EA is equal td 
AB, therefore AF and BG [i. *6.] are pa*- 
rallel, and the angle EBQ is equal to the 
angle EAF ; that is, to half the fum of the 
angles ABC, ACB; wherefore HBC is 
half their difference, and the angle BGE, 
or BHD, a right angle. And, becaufe 
each of the angles GHC, BHD, is a right 
•angle, and that the angle GCH is equal 
[5. I.] to the angle BDH, the triangles 
CGH, DBH, are equiangular; therefore 
[4. 6.] BD is to DH, as GC to CH ; aU 
tcrnately, BD is to GC or ED, as DH to 
CH : But DH [def. 3.] is the tangent of 
the arc LH, or of the angle DBH, which 
is half the fum of the angles ABC, ACB ; 

and 
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and CH is the tangent of the arc KH, or 
of the angle CBH, which is half their dif-* 
ference. Q. E. D* 

Cor. I. Hence, if each of two fide$» 
BA, AC, fig. 15. of any triangle ABC, 
and the angle BAG which thefe fides con- 
tain, be given, each of the angles ABC, 
ACB, is found. Thus, let BA be 287, 
AC 209 equal parts, and the angle BAC 
eighty-three degrees, the furn of BA and 
AC is 496, their difference is 78: and 
becaufe BAC is an angle of 83 degrees, 
the fum of the other » two angles ABC, 
ACB, [32. I.] is 97 degrees; the half of 
which is 48 degrees 30 minutes : to the 
three terms 496, 78, and the tangent of 
48° 30', find a fourth proportional; this 
fourth proportional (hall be the tangent of 
half the difference of the angles ABC, 

ACB. 

Thefoluiion (i) By the logarithmic; 

tables. Add 1.8920946, which is the lo* 
garithmof 78 to 10.0531916, which is the 
logarithmic tangent of 48° 30', and from 
the fum 11.9452862 fubtraft 2.6954817, 
which is the logarithm of 496, the remain- 
der 9.2498045 is the logarithmic tangent 
of half the diflferencc of the angles ABC, 

ACB, 
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AC6» viz. 10 degrees, and between 4 and 
5 minutes. 

(2) By the logarithmic fcales. It was oh- 
fcrved [fedt,3, art. 26.], that the tangents ot 
degrees above forty-five, on the line of loga- 
rithmic tangents,arc to be counted backwards. 
Then, either the angle given, and the angle 
fought, arc each of them greater than for- 
ty-five degrees ; or one of them is greater 
than forty-five degrees, and the other not 
greater : for if each of them be lefs than 
forty-five degree*, there is no need for 
counting backwards ; if each of them be 
greater than forty-five degrees, each of 
ihem is found on the degrees counted back- 
wards. Thus, if one of them be fifty de- 
grees, and the other eighty, their diftance 
is the fame with that between forty and ten 
degrees. The intermediate degrees are 
counted in the fame manner. But if one 
of them be greater than forty-five degrees, 
and the other not greater, the one of them 
is found on the degrees counted backwards, 
and the other on thofe counted forwards, 
by two operations, which will be beft un- 
derftood by an 'example, fuch as the pre- 
fent, viz. to find half the difference of the 
angles ABC, ACB. Extend the compafles 

N on 
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on the line of numbers from 496 to 78; 
oblerve how far this diftance. reaches from 
45"" on the line of tangents, and la^e the 
diftance from the point it reaches to the 
number of degrees in the given angle 48° 
30^ (which is to be counted backwards), 
this diftance (hM reach from 45 degrees to 
the number of degrees fought (on thofe 
counted forwards) ; the fame as by the 
tables. 

(3) By the fedor. Take, for example, 
the tenth part of 496, viz. 49.6 from one of 
the lines of lines ; make this a parallel di- 
ftance from 48° 30', to 48*^ 30' on the lines 
of tangents above 45 ; then take the paral- 
lel diftance from 45 to 45 on the fame lines 
of tangents, and make it a parallel diftance 
from 45 to 45 on the lines of tangents be- 
low 45; the iedtcr remaining fo, the tenthf 
part of 78, viz:. 7.8 ftiall reach from 10° 4' 
to lo"^^ 4- on the lines of tangents below 45. 
In cafes of this kind, it is necefl^ary that the 
part taken of the given number be fuch as 
can be made a parallel diftance of the num- 
ber of degrees in the given angle on the 
lines ot tangents above 45, and then that 
the parallel diftance of 45 on it can be made 

the 
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tlie parallel diftance of 45 on the lines of 
tangents below 45. 

Having thus found half the difference of 
the angles ABC, ACB, viz. 10^4', add it 
to half their furii 48^ 30', and the fiim 58° 
34' (hall be the number of degrees of the 
angle ACB, which [18. i.] is the greater 
bf the two 5 wherefore ABC is an angle of 
38^ 26'. 

('or. i. If each of the angles ABC, 
ACB, and the fum of the fides AB, AC, 
be given, each of thefe fides is found j be- 
caufe half their difference is a fourth pro- 
portional to the three terms^ the tangent of 
half the fum of the angles. ABC, ACB, the 
tangent of half their difference, and the 
fum of the two fides AB, AC. 

PROP. VI. THEOR. Fig. 16. 

6. ^ a.perpendicuJar be drawn from A, the 
'vertex of any triangle ABC, meeting the 
hafe in D, the baj'e BC is to the fum of the 
two fides BA aizd AC, as the differ e?tci of 
BA and AC to the difference of the jeg- 
ments of the hafe BD and DC. 

Let AC be the greater fide. Becau/e 
[47. I.] the fquare of AC is equal to ibc 

N z fquares 
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fquares of AD and DC, and the fquare of 
AB to the fquares of AD and DB, the ex- 
cefs of the fquare of AC, above the fquare 
of AB, is equal to the excefs of the fquares 
of AD, DC, above the fquares of AD, 
DB; take away the common fquare of 
AD, and the excefs of the fquare of AC, 
above the fquare of AB, fhall be equal to 
the excefs of the fquare of DC above the 
fquare of DB. But [5. 2.] the excefs of 
the fquare of AC above the fquare of AB is 
equal to the redtanglc contained by the fum 
and difference of AC and AB ; and the ex- 
cefs of the fquare of DC above the fquare 
of DB is equal to the redlanglc contained 
by the fum and difference of DC and DBj 
wherefore the redangle contained by the 
fum and difference of AC and AB is equal 
to the redangle contained by the fum and 
diflference of DC and DB; therefore [14. 6.] 
BC is to BA and AC, as the difference of 
BA and AC to the difference of BD and 
DC. Q^E. D. 

Cor. I. The three fides BC, BA, and* 
AC, of any triangle being each of ihem gi- 
ven, and the difference of the fcgments of 
the bafc BD, DC, being found, viz. a 
fourth proportional to the three terms BC> 

the 
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the fum of BA and AC, and the difference 
of BA and AC j each of the fegrnents of the 
bafe BD, DC, is found, becaufe the great- 
er fegment DC is equal to the half of BC, 
together with the half of the difference of 
BD and DC, and that BD is the remaining 
part of BC. 

Cor, 2. Hence, if the three fides BC, 
BA, and AC, fig. i6. of any triangle ABC 
be each of them gi"cn, each of the angles is 
found. Let BA be 217, AC 322, and BC 
338, equal parts, the fum of BA and AC 
is 539; their difference is 105. To 338, 
■539, and 105, find a fourth proportional 
167.44: to the half of 338, which is 
169, add the half of 167.44, which is 
83.72 ; the. fum 252.72 is the greater feg- 
ment DC; wherefore DB is 85.28. To 
find the angles : the cofine of the angle 
ACB.[cor. 2. of this] is a fourth proportio- 
nal to the three terms CA, CD, and ra- 
dius j and the cofine of the angle ABC is a 
fourth proportional to the three terms BA, 
BD, and radius; wherefore [32. i.] the 
third angle BAC is given. 



Of 
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t>f the number of cafes in the folutions of 
right-angled plane triangles. 

7. The parts of any right-angled triangle 
ABC, fig. 1 1 that are corifidered in trigo- 
hometry, are five in number, viz. three 
fides, and tvvo acute angles ; for the right 
angle being a conftant quantity, is always 
given. Of thefe five parts, two muft be 
given, in order to find a third 5 for radius, 
which is a conftant quantity, is always one 
terrai of the four proportionals. The num* 
ber of times that three diflFerent parts o^ 
five can be combined is ten \ and the rwxm^ 
ber of times that each two of thefe three 
parts cart be combined with the third is 
three. Biit the cafes of right-arigled plane 
triangles do not amount to fo many. Some 
6f thefe combinations arc unneceflary, (for 
to combine the hypothenufe with one fide 
and the angle oppofite to that fide, is the 
fame thing with combining it with another 
fide and the angle oppofite to it), and for 
others there are not diredt propofitions. 
The combinations arifing from the three 
propofitions that have been demonftrated, 
relating/to right-angled triangles, are, 

(0 
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( 1 ) When the hypothenufe AB is madis 
radius [i. of this], it is combined with one 
of the acute angles ABC, and AC the 
fide oppofite tp that angle. By the fame 
propofition, the hypothenufe A B is combi- 
ned with the other actitc angle BAC, and 
the oppofite fide BC, It is unncceflary tp 
combine the hypothenufe with the twp 
angles ; becaufe when one of the acute 
angles of a right-angled triangle is given 
[32. I.], the other is alfo given; and there 
is no propofition diredly for the combina- 
tion that is made of the hypothenufe with 
the two fides. In the combiqatibn of the 
hypothenufe with one of the acute angle?, 
and the oppofite fide, thi^re are three cafes 
contained : fpr either the hypothenufe an4 
the angle are given in order to find the fide, 
pr the hypothenufe and the fide ^re each of 
them given, in order tp find the angle' j 
or, laftly, the fide and angle are giyen, ir^ 
order to find the hypothenufe, 

(2) When the hypothenufe AB is made 
radius [2. of this], it is combined with the 
complement of one of ther acute angles 
ABC and BC, the fide adjacent to that 
angle. This combination contains alfo three 
cafes : for either the hypothenufe and angle 

?irc 
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arc given in order to find the fide, or the 
hypothenufe and the fide are each of them 
given in order to find the angle j or, laftly, 
the fide and angle are given in order to find 
the hypothenufe. 

But thefe laft cafes arc commonly omit- 
ted, becaufe they may be reduced to the 
preceding ones, depending upon prop. i. 
of this. They are mentioned here only for 
the fake of variety. 

(3) When one fide BC is made radius 
[3. of this], it is combined with the other 
fide CA, and the angle ABC oppofite to 
CA. This combination contains alfo three 
cafes : for cither BC and the angle ABQ 
are given in order to find the other fide 
CA, or BC and CA are each of them givcp 
in order to find the angle AJ^C ; pr, laftly, 
the fide CA, and the oppofite angle ABC, 
are given in order to find the fide BC : So. 
that there are properly three cafes of a right- 
angled triangle when the hypothenufe is 
made radius, and other three, when one of 
the fides is made radius. Some of thefe ca- 
fes lead to others to which the propofitior^s 
do not relate diredly. For example, the 
hypothenufe AB, and the fide AC, may each 
of them be given in order to find the oth^r 

fide 



Bed:. IV. Trigonometry. 



105 



fide BC. In this cafe, the angles muft be 
firft found -, then BC is found by means of 
the hypothenufe and an angle. 

The fix cafes of right-angled plane triangles 
are fet down in the following table. The 
firft column contains the cafes, the fecond 
contains the parts that arc given, the third 
contains the parts that are fought, arfd the 
fourth contains the proportionals. 

The cafes of right-angled plane triangles. 
Plate I. jig. II. 



I Given. I Sought. | 



Proportionals. 



IfThe hypOth.-) 
1. [^BA, and a ^^(ite angle 
J Ifide AC. 



{The oppo- 
(ite ai 
ABC. 



JBA is to AC, as radius to the 
Ifine of ABC [cor. i. i. of this]. 



1 JIa' ^^5,°'^"^I?i'fiT''1|Radius is to the fine of ABC, as 
3. >^BA, and an v{fiteUde Wr. . .r- ^^.^^ n r .>f fhio-i 

Jlangle ABC J ( AC Jl^^ ^^ ^^ l^^^"' '• '* ""^ ^^^'J ' 

1 f An angle ] f "If 

, !lABc/and J The hyp. (J The fine of ABC is to radius, as 
n^he oppofiteflBA. ^| AC to' AB [cor. 3. i. of this]. 

JlrideAC. J I JL 



lrAlideBC,& 



J 



4* ^thc adjacent \ 



angle ABC. . 



The otherl 



fide CA. 



r 



Radius is to the tangent of ABC, 
as BC to CA [cor. i. 3. of this]]. 



•«*-• 



- KTvvo fides 1 /An anj^le IfBC is to CA, as radius to the 
A^C, CA. /XABC. jttangentofABCtcor.2. 3.ofthis]. 



6. Ijttltppot f If The otherl f The tangent of ABC is t 
.jangle ABC. jT ^'- ji.-" ^^ *° ^^ t™"-. 3. 3 ■ 



to radius, 
of this J. 



o 
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Of the number of cafes in the folutions of 
oblique-angled plane triangles. 

8. The parts of an oblique-angled pla^e 
triangle that are' confidered in trigonome- 
try, arc fix, viz. three fides, and three 
anglrfs. Three of thefe fix parts muft be 
given in order to find a fourth ; and this is 
the chief difference between a right and 
an oblique-angled triangle in the folution. 
The number of different combinatbns that 
can be made of four parts of fix is fifteen ; 
and each of thefe combinations contains 
four combinations of three parts of four 
with the fourth : but the cafes of oblique- 
angled plane triangles do not amount to fb 
many by far, for the fame reafons that 
were given concerning right-angled plane 
triangles. The general propofitions that 
have been demonftrated, viz. the fourth^ 
fifth, and fixth, of thi^ foillion, apply to 
right-angled plane triangles, as well as to 
oblique. By the fourth propofition, any 
two fides BA, BC, fig. 13. arc combined 
with the two oppofite angles BCA, BAG ; 
and this combination of four parts, contains 
four combinations of three parts of four 

with 
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with the fourth ; bccaufe any part of the 
four may be the one that is fought : but 
thefe four combinations are reduced to two; 
becanfe, in a general folution, combining 
two fides BA, BC, with one of the angles 
BACi is the fame thing with combining 

9 the fame fides with the other angle BCA : 
and combining two angles BAC, BCA» 
>vith one fide BA, is the fame thing with 
combining the fame angles with the other 

,fide BC. The fifth propofition is chiefly 
in order to reduce the folution of a triangle 
,to one of the cafes arifing from the fourth 
propofition; and the fixth propofition is in 
order co find the angles by means of the 
three fides : but the fides cannot be found 
by means of the angles alone; becaufe the 
three angles of any plane triangle are toge- 
ther [32, I,] equal to the three angles of a- 
ny t):her plane triangle. The general cales, 
therefore, in the folutions of plane triangles, 
which are commonly applied to oblique, 
are properly four, viz. two arifing from 
prop. 4, one from prop. 5. and one from 
prop. 6. Thefe general cafes are let down 
in the following table, as thofe of right- 
angled plane triangles are in the preceding. 

O 2 Solutions 
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Solutions of the cafes of oblique-angled plane 
triangles. Plate 3 . fg, 13. 1 



I Given. ^ | Sought. | 



Proportionals. 



X. 



H 



BA, Be, and 
the angle 
BCA. 



The angle 
BAG. 



.1! 



w- 



The angles 

BCA, BAG, n The fide 
and the fide HBG. 
BA. ] I 



f BA is to BC, as the fine of BC^ 
to the fine of BAG [cor. i. 4. or 
this]. Hence [32. 1.] the third 
.angle ABC is found. 



[The fine of BCA is to the fine of 
^ BAG, as BA to BC [cor. a. 4. of 
[this]. 



BA,BC, and 
J the angle 
^^ABG. 



Each of 
Xht angles 
BAC,BCA 



The fum of BA and BC is to their 
difference, as the tangent of half 
the fum of BAG and BCA to the 
tangent of half their difference ; 
and if half the difference of BAG, 
BCA, be added to half their fum, 
the fum fhall be the greater angle, 
and the remainder of the fum of 
the two angles BAG, BCA, (hall 
be the lefler angle [tor. i. 5. of 
this]. 



4. ^^ 



A- 
16 



BA, BC, and 
AG. 



H 



Each of 

the three 
angles. 



BC is to the fum of BA and AC, 
as the difference of BA, AG, to 
the difference of BD, DC. Hence 
BD, DC, are each of them found, 
jand BA is to BD, as radius to the 
n cofine of the angle ABD. Like- 
wife GA is to CD, as radius to the 
cofine of the angle ACD; where- 
fore [32. I j] the angle BAG it^ 
j [found [cor. a. 6, of this]. 
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SECT. I, 

The Principles of PerfpeBive. 

I. TP^Erspective is an art by which the 
r^^ rcprefentktions of objeds arc geo- 
metrically defcribed upon a plane, 
according as the objefts appear to an eye 
given in pofition. 

2. The rays of light that are refleded 
from the feveral points of an objed, and in- 
terfed one another in the eye, are called 
vifual rays. Thus, plate 4* fig. i. if an 
eye be at O, and if the line AB be the 
objed, the ftraight lines AO, BO, are 
vifual rays. In like manner, when the 
lines AC, BC, are the objects, AO, CO, 
BO, CO, are vifual rays. 

3. The angle AOB, contained by the vi- 
fual rays AO, BO, is called the vifual angle 
of the offjeSi or line AB. Likewife AOC, 
BOC, are the vifual angles of AC, BC. 

. The magnitude of an objedt, when length 
jilone is confidcred, is, in perfpedlve, efti- 

mated 
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mated by the vifual angle -, and the vifual 
angle of any objedt AB incrcafes or dimi- 
ftiflbcs reciprocally as the diftance from the 
eye O [21. i. & 4. 6.]. Thus, if EF be 
equal and parallel to BA, but nearer the 
eye, its apparent magnitude is greater than 
that of BA, in the ratio of the angle EOF 
to the angle BOA : for if EF meet OA in 
G, EG fubtends the fame vifual angle with 
BAs therefore the apparent magnitude of 
an objedt is reciprocally proportional to its 
diftance from the eye. 

4. The plane that paflcs through the vi* 
fual rays AO, BO, may be called the 'z;/- 
Jual plane of the (AjeSl or line AB, which 
[2. II.] is in the fame plane j and the 
planes in which are the triangles ACOi 
BCO, are the vifual planes of AC, BC. 

If the objed viewed by the eye O, be any 
rcftilineal figure ABC, the folid figure con- 
tained by the vifual planes, viz. AOC, 
COB, AOB, and by the objed ABC, fliall 
be [def. 12. ii.] a pyramid whofe vertex is 
O, and whofe bafc'is the objed ABC j and 
this pyramid is called the optical^ or vifual 
pyramid of the objeSi ABC. If the objcdl 
be a circle, the rays that proceed from each 
point of the circumference to the eye are in 

the 
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the fuperficies of a cone, whofc vertex is 
in the eye, and whofe bafe is the circle, 
which is the objed. 

6. If a plane DABE given in pofition, 

fig. 3 • be eredcd between the eye O, and 

the point to be put in perfpedive H, and if 

the point G, where the vifual ray HO meets 

the plane DABE, be found, this point ihall 

be the perfpedive or reprefentation of the 

original point H, It is in this way that 

objefls are put in perfpedive, namely, by 

finding the point where each optical ray 

meets the faid plane ; and if the line or 

lines made in the fuperficies of the optical 

cone or pyramid by this plane be thus 

found, they (hall be the perfpe<ftive of the 

objcd, whether the objed be a plane figure 

or a folid. Hence, the perfpedive of a 

ftraight line pafling through the eye is a 

point, and the "perfpedlive of a plane paff- 

ing through the eye is a ftraight line, viz, 

the common fedion of that plane with the 

one that is ereded [3. 11,]. 

7. If the objcdt be a plane figure, whe- 
ther redilineal or curvilineal, and if the 
plane ereded between the eye and the ob- 
ject be parallel to the plane in which the 

objedl 
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obje<a is, the perfpedtivc [i6. & lo. r r. 4. 
I. AppolL con, or 23, I. Simf.] ftiall be fi- 
milar to the objed : alfo, if the plane c-- 
reded cut the optical pyramid or cone fub- 
contrarily, that is, fo that the part cut off 
from a fcalene pyramid or cone towards the 
eye, be fimilar to the whole pyramid or 
cone, the perfpedive (hair be fimilar to the 
objed: See 5. i. AppolL con* or 24. i. 
Simf. The reafbn of this laft appears from 
what has been already faid : for, becaufc 
[art. 3. J the* apparent magnitude of an ob- 
jed is reciprocally proportional to its di- 
ftance from the eye, it is manifeft, that the 
optical pyramid or cone may be fo cut by a 
plane, that unequal lines fhall fubtend e- 
qual vifual angles : and this happens when 
the part cut off from a fcalene pyramid or 
cone towards the eye is fimilar to the whole 
pyramid or cone. 

The perfpedive of a plane figure is not 
fimilar to that figure in any other cafe 5' and 
it is manifeft, that the perfpedive of a fo- 
lid, taken upon any one plane, cannot be 
fimilar to the folid whofe perfpedive it is. 



De- 
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Definitions. Fig. 2. 

^. Def. i. The plane NKLM, which is 
parallel to the horizon, and upon which the 
objedt to be put in perfpeflive is fitUatcd, is 
called the geometrical plane ^ 

9. Def. 2. The plane ADFE, which i6 
St right' angles to the geometrital plan6 
KM, between the eye O and the objedt^ 
and in which the teprfefelltatidn of the ob- 
jeft is found by means 6i the vifual rays, is 
Called the perfpeSlive plane. 

id. Def. 3. AE, the common fcdion of 
the geometrical and perfpedive planes KM^ 
AF, is called the tef-reftrial or bafe line. 

11. Def 4. The plane DFQP, which 
paJfTes through the eye O, and is parallel to 
the geometrical plane RM,^ is called the 
horizontal plane. 1. 

12. Def. 5. DF, the common fcdion of 
the horizontal and perfpedive planes DQ, 
AF, is called the horizontal line. The ho- 
rizontal line [16. 1 1.] is parallel to the ter- 
^■eftrial line. 

13. Ddf. 6. The plane HVOG, which 
pafles through the eye O, "and is at righc 
angles to each of the planes KM, AF, DQ, 

P viz. 
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viz. the geometrical^ the perfpedtive, and 
the horizontal planes^ is called the vertical 
plane. 

14. Dcf. 7, OV, the common fediott 
of the horizontal and vertical planes DQj 
HO, is called the line of dijlance ; becauie 
that part of it which is intercepted between 
the eye O, and the perfpedive plane AF, i& 
the perpendicular diftance of the eye from 
the perfpedive plane [,i 9. 11.}; and if the 
perpendicular from the eye to the geome- 
trical plane meet it in G, OV is [16. ii. 
& 34. I.] equal to GH. 

15. Def. 8. The point V, where the 
line of diftance OV meets the perfpedive 
plane, which point is in the horizontal line 
DF, is called iht: principal point. 

1 6. Def. 9. VH, the common fedtion 
of the vertical and perfpcdive planes HOy 
AF, is called the line of the height^ becaufe 
it is equal toOG, the perpendicular height 
of the eye O above the geometrical plane 
KM. 



PROP. I. THEOR. Fig.^. 

ij. If a firaight line HC be drawn from j- 
ny point H in the geometrical plane RM i 



to 
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to the point C, where the perpendicular 
let fall from the eye O meets the geometri-^ 
cal plane ^ meeting the terrejirial line DE 
in L, the perJpeSlive of the point H Jhall 
be in the firaight line drawn from the 
point L at right angh tg the geometrical 
plane. . 

t,et DB be the perfpecSive plane, and let 
the vifual ray HO meet this plane in G. 
Becaufe HO is the vifual ray of the point 
H, and that DB is the perfpeftive plane, 
the perfpedive of the point H is in G, 
where HO meets DB [art. 6.] : but the three 
ftraight lines HO, HC, and CO are [2. 11.] 
in one plane ; and this plane is at right 
angles to the geometrical plane RM, be- 
caufe OC is at right angles to RM [i 8, 1 1.]; 
and the pcrfpedlive plane DB [def. 2.} is al- 
fo at right angles to the geometrical plane 
RM ; wherefore thtfir common fedion LG 
is [19. II.] at right angles to RM. In like 
manner, if any other point K in the geo-^ 
metrical plane and C be joined by a ftraight 
line, meeting the terreftrial line in P, it is 
(hown, that the perfpedlive of the point 
K is in the ftraight line drawn from P at 

P 2 right 
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right angles to the geometrical plane RM. 

Qjj;. D. , 

I 

PROP.il THEOR. Fig. 2^ 

1 8. Every thing remaining as in the prece^r, 
ding propofitiony HL and LC, the fum of 
the perpendicular dijlances of any point li 
in the geometrical plane ^ and [def. 7.] of 
the eye Jrom the perfpeStive plane^ is tg 
HL, the perpendicular dijlance oj H fron^ 
the perfpcSlive plane^ as CO, the perpen"^ 
dicular height of the eye above the ' geome- 
tricai plane y to LG, the perpendicular height 

of the perJpeSlive of the point H. 

■ • • ' • 

Cafe I. Let HL and LC, ih^t is, HC, 
be at right angles to the perlpcdiye plan<^ 
PB; He is thcretore [def. 3. 11.] at right 
angles to the terreltrial line UE. And be- 
caulc OC and GL are [i. of this] each of 
theni at right angles to tlie geometrical 
plane RM, they aic [6. 11.] parallel; there- 
fore [4. 6 ] Ch is to'HL, as CO to LG. 

Cale 2. But if K be the point in thq 
geoniptiigal plane,' (the eye remaining a3 
before), KC is not at right angles to the 
jerreftrial line DE. Let KC meet P|i in 
]P : jf PF be drawn in the perfpedlivc plane 
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at right angles to the geometrical plane RM, 
it (hall [i. of this] meet the vifual ray KO j 
let it meet in F, and draw KQ at right 
angles to the terreftrial line DE, and let 
Ch be as in the former cafe. Becaufe CL 
and KQ^arc each of them at right angles to 
DE, they are [28. i.] parallel, and [29. 1.] 
the alternate angles PCL, PKQ^, as alio 
[15. I.] the vertical angles CPL, QPK, are 
equal 5 wherefore the triangles CPL, QPK^ 
are equiangular, and [4. 6.] GP is to PK, 
as CL to KQj^ by compofition, CK. is to 
KP, as CL and KQ together to KQ : But 
asCK to KP, fo [4. 6.] is CO to PFj 
jvhercfore CL and KQ^ together is to KQ, 
as CO to PF. Q. E. D, 

Cor. I. Hence, if V be the principal 
point, and VL the line of the height in the 
perfpediye plane, and if VB be taken on 
the horizontal line AB, equal to the line of 
fiiftaqce OV or CJLr, towards the fame parts 
of VL with Qi^and if QS be taken on the 
terreftrial line towards L, equal to KQ, and 
if BS be joined, BS fhall meet VQ^in F, 
the perfpedivc of the point K. Becaufe 
CL and KQ^ together is to KQ, as CO or 
LV to PF i and that VB is ecjual to CL, 

and 
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and QS to KQ; therefore VB and SQ to^ 
gether is to SQ, as LV to PF. 

Cor. 2. Hence, likewife the perfpedlivo 
of any ftraight line KQ, which is parallel 
to the line of diftancc OV, (hall, if produ- 
ced, pafs throijgh the principal point V* 
Alfo the perfpcdive of any line, if prodq* 
ced, fhall pafs through the point where ^ 
line drawn from the eye, parallel to the 
former, meets the perfpedive plane j and 
therefore the perfpedives of any number of 
parallel ftraight lines, which, when produ-a 
ced, meet the perfpedive plaqe, (hall meet 
in a point. 

PROP. Ill, PROB. Fig. A,, 

19* To find the perfpeSlive of any given point 
E, fituated in the geometrical plane^ when 
the perfpedive plane ACDB coincides with 
the geometrical phne. 

Let CD be the terreftrial line j^def. 3.], and 
AB the horizontal line [def, 5.] ; let V be the 
principal point 5 VO, being drawn at right 
angles to AB and CD, is the line of the height 
[def. 8. & 9.]. From the principal point Yi 
cut off VA from the horizontal line, towards 
the fame parts of VO that E is, equal ta 

the 
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the eye's diftance from the perfpedive plane 
[def. 7.] 5 from E, draw EK at right 
angles to the terreflrial line CD, meeting it 
in K ; join VKj make KH upon the ter- 
feftrial line towards O equal to KE, and 
join AH, meeting VK in G 5 G is the per* 
fpedlive of the point E. 

From G, draw GF at right angles to 
CD, meeting it in F. Becaufe VA and 
KH are [def, 5. of this] parallel, the alter- 
nate angles AVG, GKH, and VAG, GHK, 
are [29. !•] equal, and the vertical angles 
AGV, KGH, are [15. i.] equal; where- 
fore [4. 6.3 VG is to GK, as VA to KHs 
by compofition, VK is to KG, as VA and 
KH together to KH : but becaufe VO and 
GF are at right angles to CD, VK is to 
Kg, as VO to GF J wherefore VA, and 
KH or KE, is to KE, as VO to GF ; that 
is, the fum of the perpendicular diftances 
of the eye, and of the point in the geome- 
trical plane from the perfpedlive plane, is to 
the perpendicular diftance of the fame point 
from the perfpefiive plane, as the height of 
ihe eye to GF j wherefore G is [cor. i. 2. 
of this] the perfpedtive of the point E. 
Which was to be found. 

Equal 
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Equal parts, anfwering to the diftance of 
the objt6t, of of the eye, &c. are to be ta- 
ken from a fcale of equal parts, aS defcrrbed 
art. 3. 4. '6. fed. 3. i. 

The perfpeftive of any other po'irtt L is 
found in the fame manner. Thus, if VB 

ft 

be taken on the fame fide of V that L is of 
O, equal to the diftance of the eye from 
the perfpedtive plane, and if MN be tafeenf 
towards O, equal to ML the perpendicular 
diftance of the point L from the terreftriat 
line CD j then joining VM, BN meeting 
in P, P fhaH be the perfpedive of the 
point L : for if a perpendi<::ular be let fall 
from P ta the terreftrial fine CD, the dc«i 
monftration ' fhall be the feme with that of 
the preceding. 

21. Example i. fig. 5. To put in pcr- 
Ipedtive a triangle EFG. 

Let fall* perpendiculars from the angular 
points E, F, G, meeting ,thc terreftrial 
line CD iti Q^ H, P ; let V be the princi-^ 
pill point, and join VQ^ VH, VP : and if 
part of the triangle EFG be on each fide of 
the vertical plane, that is, on each fide of 
the perpendicular drawn from V to CD, 
take VA, VB, each equal to the line of df- 
'ftance, and QK, HL, PK, each equal to 

the 
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the perpendiculars EQ^ FH, GP : if AK, 
BL, BKj.be joined, meeting VQ, VH, 
VP, in N, O, M, thefe points thall be the 
perfpe<aives of E, F, G, by what was al- 
ready demonftrated; and if NO, CM, and 
NM, be joined, the triangle NOM (hall 
be the perfpedive of the triangle EFG. 

22. Example 2. fig. 6. To put in per-r 
fpedlive a fquare EFGH, which is on one 
fide of the vertical plane. 

Draw the perpendiculars EK, FL, HM, 
ON, as before 5 make each of the ftraight 
lines KC, LO, MP, NL, equal to each of 
thefe perpendiculars ; join the principal 
point V, and each of the points where the 
perpendiculars meet CD ; and becaufe the 
fquare EFGH is on one fide of the verti- 
cal plane, take VB on the fame fide equal 
to the line of diftance, and join BC, BO, 
BP, BL, meeting VK, VL, VM, VN, in 
the points Q^ R, T, S, and join thefe 
points, the figure QRST is the perfpeftive 
of the fquare EFGH. In like manner, zr 
xiy redtilincal figure whatever is put in pcr- 

fpedive. 

23. Example 3. fig. 7. To put in per- 
fpeaive a fquare EFGH, which is equaU 
ly divided by the vertical plane, through 

Q^ wbofc 
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whofe diagonal FH the vertical plane pafles, 
and one of whofe angular points F is in the 
tcrreftrial line CD. 

Produce HG, HE, meeting the terre-' 

ftrial line CD in K, M ; take VA, VB, each 

equal to the line of diftance on each fide of 

the principal point V j join AF, AK, BFs 

BM, meeti.ig AF, AK, in O, Q, P; the 

"figure OFQP is the perfpcaivc of the fquare 

EFGH. For if the perpendiculars GL, EN, 

be drawn, and VL, VN, joined, as in the 

former e^jamplcs, FHK is half a right 

angle ; therefore FKH is half a right angle, 

and [6, i.] FK is equal to FH. And be- 

caufc each of the angles LFG, LKG, is 

half 2{ right angle, and that the angles at 

L are right angles, FL [26. i.] is equal tQ 

LK. 

24. Example 4. fig. 8, To put in per^ 
fpedive a fquare EFHG, which is equally 
divided by the vertical plane, one of whofe 
fides EF coincides with the terreftrial linq 

CD. 

Let V be the principal point ; join VE, 

VF, and take the points of diftance A, B, 
as above 5 join AF, BE, meeting VE, VF, 
in K, L, and join KL 5 the figure EKLF 
is the pprfpeflive of the fquare EFHG. 

Jt 
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It is to be obferved in fuch cafes as the 
two Jaft examples, when any number of 
points of the obJe(ft are in a ftraight line 
which h parallel to the terreflrial line, as 
E, G, fig. 7. or G, H, fig. 8* that when 
O, fig. 7. the perfpedlive of E, or K, fig. 8* 
the perfpedive of G, is found, the perfpec* 
tive of G, fig. 7. or of H, fig. 8. may 
be found, by drawiftg through O and K 
ftraight lines parallel to the terreftrial line 
CD, meeting VL, VK. 

25. Example 5. fig. 9. To put' in per- 
fpedive a circle EFGH, which is equally 
divided by the vertical plane. 

Take any number of points K, L, M, 
N, in the circumference, and from each 
of thefe points draw a perpendicular to 
the terreftrial line CD ; join the princi- 
pal point V, and each of the points where 
thefe perpendiculars meet the terreftrial 
line : let B be one of the points of diftance, 
^nd make ST equal to SF, and join BF, 
meeting VS, e, the interfeclion of BT, VS, 
is the perfpedive of F. In like manner, if 
SC be made equal to SH,/, the interfedtion 
of EC, VS, (hall be the perfpedive of H > 
the perfpedtive of each point, taken in the 
femicircle FGH, is found the fame v/ay. 

Q_2 if 
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If a parallel to the terreftrial line be drawn 
through the perfpedlive of each of the 
points K, L, G, M, N, the lines drawn 
from V on the ether fide of the vertical 
plane /hall be eut in the correfponding per- 
fpedivc points of the other femicircle FEHj 
and if an indefinite number of thefe points 
be found, and joined^ the curve thence ari- 
fing flball be the perfpe<ilive of the circle. 

In other cafes, the perfpedlive of each 
point in the whole circumference muft be 
found feparately. 

The perfpedive of the femicircle EHG^ 
tvhich is more remote from the eye, has 
lefs curvature than that of the other femi- 
circle EFG, which is nearer the eye. For 
becaufe the ftraight line K^^ which is equal 
to N^, being nearer the eye [21, 1.], fub-*- 
tends a greater vifual ang4e than N^ docs, and 
that the perfpedtives of thefe ftraight lines 
are to one another as the vifual angles -, the 
pcrfpeilivc of the arc NH^ being diminith- 
ed more than the perfpe<Sive of the are 
KF^/, muft approach nearer to a ftraight 
line. Hence the perfpcdive of a circle^ 
which is in the geometrical plane, cannot 
be the fame eliipfis throughout, if the per* 
fpeflivc plane be at right angles to the geo* 

metrical 
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metrical plane. It is, however, two femi^ 
ellipfes, having a common greater axis, 
whofe lefTer axes are to one another as ec m 
the fig. to cf; which is eafily (hewn from 
* the nature of the fedion of a fcalene . cone^ 
by a plane at right angles to the bafe. 



Of the PerfpeSli'ves of Solids. 

PROP. IV. THEOR. Plates.fg.u 

i6. Let B be a point above the geometrical 
plane NP, and let the perpendicular drawn 
from B to the geometrical plane meet it in 
A^ the jum of the perpendicular dijiances of 
the point A, and of the eye from the per- 
Jpefiive plane DM, is to the dijlance of the 
eye jrom the perfpeSlive plane y as the per^ 
pendicular AB to its perjpe^ive. 

Let the perpendicular drawn from the 
eye O to the geometrical plane meet it in 
T, and join OA, OB, meeting the perfpec- 
tive plane DM in G, H; GH being joined, 
is the pcrfpcdive of AB [art* 2. & 4. of 
this] : and if TA be joined, meeting the 
tcfrcftrial line DE in S, the fVaight line 

drawn 



k 
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drawn from S at right angles to the geo- 
mtitrical plane NP fhall pafs through the 
points G and H [i. of this]. 

Gafe I . Let AT be at right angles to 
the terredrial line DE. Becaufe TO and 
SH are [6. ii*] parallel, AT is to TS 
[2. 6.], as AO to OGj that is [4. 6.], as 
AB to GH ; wherefore AT is to TS, as 
AB to GH. 

Cafe 2. Next let F be the point above the 
geometrical plane, and C the point where 
the perpendicular drawn from F to the geo- 
metrical plane meets it; the eye O remaining 
as in the firft cafe, CT cannot be at right 
angles to DE : join OC, OF, inceting the 
perfpedive plane in K, L 3 let CT meet 
DE in R, and. draw CQ^at right angles to 
DE, meeting it in Q. Becaufe TS and CQ 
are each of them at right angles to DE, 
they are [28. i.] parallel, and [29. 1.] the 
alternate angles CQR, RST, and RCQj^ 
RTS, are equal ; as alio [15. i/J the vertical 
angles CRQj^ SRT ; wherefore [4. 6.] OR 
is to RT, as CQ^ to TS : by compofition, 
CT is to TR, as CQ^ and TS together to 
TS : but CT is to TR [2. 6.], as CO to 
OK, that is [4- 6.], as CF to KL ; whcrc-^ 

fore CQ^ and TS together is to TS, as CF 

to 
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But CQ and TS arc the pcrpcn* 
lar diftances of the objedt and of the 
torn the perfpcdive plane, and KL is 
^crfpedivc of CF. Q. E. D. 



PROP. V. PROS. Fig.2. 

; To find the perfpeSiive of a given ftraigbt 

UnCy which is at right angles to the geo^ 

metrical plane ^ meeting it in a given pointy 

)hen the perfpeSiive plane coincides with 

^he geometrical plane* 

Let AB be the horizontal, and CD the 
reflrial line; let M [3. of this] be the 
irfpedivc of the point where the perpen-r 
Icular meets the geometrical plane, and let 
le ftraigbt line O be equal to the perpen« 
:uUr wbofe perfpedtive is fought^ 
From any point E, in the terreftrial line 
ID, draw EF at right angles to CD, meet** 
Ing the horizontal line AB in F : make FL 
equal to the perpendicular diflance of the 
eye from the perfpefliive plane, and LV e- 
qual to the perpendicular diftance of the 
Vine which is the obje<S from the perfpedive 
plane j make EG equal to O, and join VG, 
VE J from M draw MH parallel to CD, 

meeting 
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meeting VE in H, and join LH, (which 
[i. of this] is parallel to EF), meeting VG 
in K J from K draw KN parallel to HM, 
and from M draw MN parallel to HK, 
meeting KN in N j MN is the perfpedive 
required. Becaufe HL is parallel to EF, 
VF [2. 6.] is to FL, as VE to EH, or as 
VG to GK, that is [4. 6.], as EG or to 
HK i therefore VF is to FL, as Q to HK : 
wherefore [4. of this] HK or [34. i .] MN 
is the perfpedive required, and N istbc 
perfpedive of the point above the geonac- 
trical plane. Which was to be found. 

G)r. The perfpedive height MN any 
be found by means of any other point P in 
the horizontal line, as well as V. Join PE, 
PG, and let MH meet PE in Q^j from Q 
draw QR parallel to EF, meeting PG in R. 
Becaufe VF is to FL, as VE to EH, that 
is [2. 6.], (becaufe QH, PV, are parallel), 
as PE to EQ, or as PG to GR, that is 
[4. 6], as EG to QR $ wherefore EG has 
the fame ratio to QR that it has to HK, 
and [9. 5.] QR is equal to HK. Q. E. R 
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S^6ti li of Perspective^ 129 

PROP. VL PROB. ^7^.3. &4* 

i8. 7h find the perfpeSlive of a firaigbt line 
"which is inclined to the geometrical plane^ 
meeting it in a given pointy the perpendi^ 
cular let Jail from its extremity above the 
geometrical plane , and the point where thai 
perpendicular meets the geometrical plane 
being given. 

Find [3. of this] L, the perfpeflive of thi 
point where the inclined hne meets the 
geometrical planc^ and M, the perfpedlivc 
of the point where the perpendicular meets 
the geometrical plane : take any point E 
in the terreftrial line CD, and draw EG at 
right angles to CD, making it equal to the 
perpendicular J take any point V in the 
horizontal line AB, and join VE, VG: 
draw MH parallel to CD, HK parallel to 
EG, KN parallel to MH, and MN paral- 
lel to* HK, meeting KN in the point N : 
N is the perfpedive of the extremity which 
is above 'the geometrical plane [5. of this] \ 
and LN being joined, is the perfpe<Sive re- 
quired. 

If the inclined line whofe perfpecSive is 
fought be in the vertical plane, fig. 3. the 

R three 
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three points L, M, N, (hall be in a ftraight 
line ; but if it be not in the vertical planei 
fig. 4. the three points L, M, N, (hall 
not be in a ftraight line. 

29. Example i. fig, 5. To put in per- 
fpedtive a given cube or parallelepiped GN, 
whofe bafe is FGHK, and altitude the 
ftraight line GL. 

Let CD be the terreftrial, and AB the 
horizontal line, V the principal point. Find 
[3.of this] QRST, the perlpedive of FGHK; 
from any point D in CD, draw DP at right 
angles to CD, making it equal to GL, the 
altitude of the folid GN ; take any point £ in 
AB, and join ED, EP j and from each of the 
points Q, R, S, T, draw ftraight lines pa- 
rallel to CD, meeting ED ; from the points 
where thefe parallels meet ED, draw ftraight 
lines parallel to DP, meeting EP i and from 
the points where thefe laft parallels meet 
EP, draw ftraight lines parallel to CD; 
laftly, from T, S, R, Q> draw ftraight lines 
parallel to DP, meeting the laft parallels to 
CD in U, Z, X, Y ; the figure TY [5. of 
this] is the perfpeftivc of the folid GNj 
the plane RT is the perfpedlivc of the plane 
KG J the plane TX, of GO ; the plane 
TZ, of GM y the plane QY, of FN j the 

plane 






Sed.L of Perspective. iji 

plane SY, of HN ; and the plahe UY, of 
LN. Which was to be done. 

30. Example, 2. fig, 6. To put in per- 
fpe<aive a given pyramid KFGHO. 

Let CD be the terreftrial, and AB the 
horizontal line. Find LMQRi the perfpec* 
five of FKHG, which is the bafe of the 
pyramid : find alfo the point N where the 
perpendicular drawn from O, the vertex of 
the pyramid, meets the bafe ; and find S, 
the pcrfpeftive of the point N j draw DP, 
as in the lad example, equal to the perpen-- 
dicular ON j by means of which ST, the^ 
pcrfpedive of ON, is found as above ; join 
TL, TM, TQ, TR, the figure LMQRT 
is the perfpeftive of the pyramid KFGHO 
[6. of this]. Which was to be done. 

31. Example 3. fig. 7. To put in pcr- 
fpcdive three given walls, one of which is 
parallel to the perfpe£tive plane, and the o- 
ther two parallel to the vertical plane, and 
on oppofite fides of it. 

Let AB be the horizontal, and CD the 
terreftrial line, V the principal point. A, B, 
the points of diftance. Find [3. of this] 
KFHQ, the pcrfpeflive of the bafe on 
which the walls ftand j make KC, • QD, e- 
equal to the thicknefs of the walls, and 

R z KXa 
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132 The Principles FartlL 

KX, Ca, QY, D^, (at right angles to CD), 
equal to the height of the walls; join XV, 
YVj and from F, H, draw FE, HG, at 
right angles to FH, meeting XV, YV, ip 
E, G, and join EG ; EFHG is the pcrfpec- 
tive of the wall which is parallel to the per-^ 
fpeftive plane ; XKFE, YQHG, are the 
perfpeftives of the other two walls. Which 
was to be done. 

32. Example 4. fig. 7. To find the per* 
ipedive of a door with its ports, in the wall 
whofe perfpeftive is XKFE. 

Make KN upon the terreftrial line equal 
to the diftance of the neareft port from K, 
Nl equal to the breadth of the port, IL e- 
qual to the breadth of the door, LM equal 
to the breadth of the other port; and from 
thefe points, draw ftraight lines to the near- 
eft point of diftance A, meeting KV in », 
i, /, m; and from », /, /, /», draw ftraight 
lines parallel to KX 5 make KP equal to the 
height of the poft, and KO equal to the 
height of the door, and join PV, QV, meet- 
ing ?tiy mh^ in by h^ and if^ /?, in^, e\ ft 
ki is the perfpeftive of the door ; /^, /6, arc 
the perfpedtives of the ports. Which Vas 
to be found, 

33' 
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. 

33. Example 5. fig. 7. To find the per- 
fpedive of a door with its poils, in the wall 
whofe perfpediye is EFHG. 

Make KM equal to the diftance of the 
poft from the angular point whofe perfpec*^ 
tive is the point F j make MR equal to the 
breadth of the poft, RT equal to the breadth 
of the door, TS equal to the breadth of the 
other poft, .and join VM, V|l, VT, VS, 
meeting FH in i, 2, 3, 4; from 1,2, 3, 4, 
draw ftraight lines parallel to KXj make 
KP equal to tb^ height of the poft, and 
KO equal to the height of the door, and 
join PV, OV, meeting EF in Z, 5 j from 
Z, 5, draw ftraight lines parallel to CD, 
meeting ir, 2 6i in r, 6, and 4/, 3 7 in 
/, 7 ; 6 2, 3 7 is the perfpedtive of the 
door; 2r, 3/, are the perfpcdives of the 
pofts. Which was to be found. 

34. Example 6. fig. 7. To find the per- 
fpedtive of a window in the wall, whofe 
perfpedive is GHQY. 

Let Qj8 be the depth of the window in the 
wall ; make QU equal to the diftance of 
the window from Q, and US equal to its 
breadth ; from S, U, draw ftraight lines to 
the neareft point of diftance B; make jS8 
equal to the height of the bottom of the 

wipdow. 
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window, and fig equal to the height of its 
top i and from 8, 9, draw ftraight lines to 
the principal point V : laflly, from the points 
where SB, UB, meet HQ, draw ftraight 
lines parallel to QY, meeting the ftraight 
lines drawn from 8 and 9 to V ; the figure 
fq is the perfpedive of the window. Which 
was to be found. 

In this manner any building may be put 
in perfpedlive. 

Of Shadows. 

35. It is manifeft, fig. 8. that if AD be 
the perfpedive of any ftraight line at right 
angles to the geometrical plane, L, the per* 
fpedive of the luminous point, and M, the 
perfpedive of the point where the perpen- 
dicular drawn from L meets the geometri- 
cal plane, the perfpedive of the fhadow of 
AD (hall be terminated in the point G» 
where the ftraight line drawn from L 
through A, meets the ftraight line drawn 
from M through D* In like manner, the 
ftiadow of BE is terminated in H, where 
LB and ME meet. 

36. Example i. fig. 8. To find the per^ 
fpedlive of the fliadow of a prifm^ whofo 

per- 
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perfpeaive is AFBD, ftanding upon the tri- 
angular bafc FDE, and whofe infilling 
ftraighc lines arc at right angles to the bafe. 

Let L bd the pcrfpcdive of the luminous 
point, and M the pcrfpedive of the point 
where the perpendicular drawn from the lu- 
minous point meets the geometrical plane. 
From L draw ftraight lines through A, B, 
C, the angular points of the prifm that aro 
above the geometrical plane ; and from M, 
draw ftraight Imea through F, D, E, the 
angular points of the prifm that are in the 
geometrical plane. If the points where thefo 
lad ftraight lines meet the former be joined, 
the Ihadow of the prifm (hall be determi- 
ned. Becaufe [art.35.JDG is the (badow 
of AD, EH the fliadow of BE, and FK 
the rhadow of CF, the figure EFKGH is 
the perfpecaive of the fliadow of the prifm 
AFBD : but FDE, the bafe of the prifm, 
is not confidercd as a part of the (hadowj 
therefore the fhadow required is EDGH. 

If the infifting ftraight lines AD, BE, 
CF, be not at right angles to the geometri- 
cal plane or bafe of the figure, the ftraight 
lines LA, LB, &c. are to be drawn as be- 
fore 5 then the perfpedive of the points 
where the perpendiculars drawn from A, B, 

&c. 
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&c« meet the geometrical plane, mud be 
found, and ftraight lines muft be drawn 
through thefe laft points from M, meeting 
LA, LB, &c/ Laftly, ftraight lines are 
drawn from M to the angular points of the 
bafe of the prifm. If the points fo found 
be joined, the (hadow fhall be determined^ 
In this manner, the perfpedtive of the (ha*' 
dow of any iblid is found* 

37. It is manifeft, that the angles of 
which DAG, EBH, are the perlpeftives, 
contained by the perpendiculars AD, BE, 
and the rays LG, LH, are the compliments 
of the elevation of the luminous point L at 
the points G, H, or A, B, [def. 5. part i* 
fed. I.]. If the rays proceeding from L 
diverge confiderably, as the rays ot a candle, 
&c. the fliadow becomes broader in pro- 
portion to the diftancc from the objed, or 
from the luminous point. Likewife, if the 
point A be nearer L than B is, the angle 
DAG (hall be lefs than the angle EBH, ai 
is manifeft. 

38 Example 2. plate 6. fig. i* To find 
the perlpedtive of the (hadow of a paral- 
lelepiped, illuminated by the fun, whofe 
perlpedlive is the figure AEDG, 

Becaufe 
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Becaufe the rays of the fun proceed from 
fo great a diftance, they may be confidered 
as parallel : therefore, through the angular 
points of the bafe of the figure H, E, P, G, 
draw ftraight lines parallel to the terreftrial 
line ; and at the point A, in the perpendi- 
cular AG, make the angle GAK equal to 
the complement of the fun's elevation above 
the geonietrical plane, and let AK meet GK 
in K ; through D and B, draw ftraight lines 
parallel to AK, meeting the other parallels 
to the terreftrial line in M and L ; the fi- 
gure HLKMF determines the ihadow. 

If the elevation of the fun be forty-five 
degrees, it is manifeft, that the angle GAK 
is found, by making GK equal to GA. . 

In thefe examples, the luminous point or 
body is fuppofed to be in the perfpeftive 
plane : but by the follpwing general propo- 
fition, the ftiadow is found in whatever fi- 
tuation it is. 



PROP. VII. Fig. 2. & 3. 

39. The diftance of the fun from the vertical 
plane, {meafured upon the horizon), and his 
elevation above the horizon being each of 
them given, to find the pofition and magni^ 

S tude 
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tude $f the /hadow of an oijeSj which is at 
right angles to the geometrical plane j and 
whoje perfpeSive is theftraight line LK. 

Cafe I. When the fun is beyond the 
perfpe<£live plane, let AB, figf 2. be the 
horizontal, and NG the terreftrial line ; V 
the principal point, and VE the line of di-> 
fiance ; draw VG at right angles to AB, 
and make VC equal to V£ ; at the point 
C, make the angle VCD» towards the fun, 
equal to the diftance of the fun from thq 
vertical plane; or, which comes to the fame 
thing, make the arc VH, defcribed from 
the centre C, with the diftance CV, equal 
to the arc of the horizon intercepted be- 
tween the perfpe<5tive vertical plane and the 
vertical circle in which the fun is, and jcnn 
CH, meeting AB in D : D is the perfpec- 
tive of the point where the perpendicular 
drawn from the fun to the geometrical plane 
meets this plane. 

Make DB equal to DC; at the point B, 
make the angle DBF equal to the fun's e- 
Jcvation above the horizon, and let BF 
meet the ftraight line drawn from D at right 
angles to AB in F : F is the perfpedivc of 
thp poiflit where th? fun is; and if ftraight 

linca 
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llnca be drawn from D to K, and from F 
to L, meeting one aiiother in M^ KM ihall 
be the perfpedive of the Shadow of LK. 

For (while the perfpe<3ive plane ABGN 
IS at right angles to the geometrical plane) 
if the triangle DCV be turned about upon 
the ftraight line DV, until it become paral** 
lei to the geometrical plane, that is> until 
the point C be elcvatpd above the gcome- 
trtcal as much as the eye is ^ then, becaufe 
the plane in which are the ftraight lines DC, 
DF, is [18. 1 1.] at right angles to the plane 
of the triangle DCV, and to the geometri*t 
cal plane, CD is [i6* 11.] parallel to th« 
common feftion of the plane pafling through 
DC, DP with the geometrical plane : and 
becaufe the angle VCD is equal to the di* 
ftance of the fun from the vertical planc^ 
the fhadows of all ftraight lines that are at 
right angles to the geometrical plane are 
in the geometrical plane [9«^ii.] parallel 
to CD 5 therefore the (hadow of LK, in 
the geometrical plane, is parallel to CD ; 
and therefore [cor. 2. 2. of this] the per- 
fpedive of the ftiadow of LK, if produced, 
ihall pafs through the point D« 

Other things remaining as before % let 
the triangle FBD be turned about upon FD, 

S 2 until 



.» 



r 



140 The Principles t^artlL 

s 

until ^DB coincide with DC, then the point 
B fhall coincide with C, and the ftraightlinc 
FB with FC ; wherefore the angle DCF^ 
(hall be equal to the angle DBF, that is, 
to the fun's elevation : and becaufe CD, as 
has been fliown, is parallel to the ftraight line 
in the geometrical plane, whofe perfpedlivc 
is KM, and that FD [6. 11.] is parallel to 
the ftraight line whofe perfpedive is LK, 
the plane pafling through the triangle FCD 
is [15. II.] parallel to the plane pafling 
through the triangle whofe perfpedive is 
the triangle LMK ; and the angle whofe 
perfpedive is LMK [art. 37.] is equal to 
the angle DCF ; wherefore [con v. 10. 11.] 
the ftraight line whofe perfpecSlive is ML, 
is parallel to FC ; therefore ML produced 
fhall [cor. 2. 2. of this] pafs through the 
point F. 

Cafe 2. fig. 3. When the fun is on the 
fame fide of the perfpedive plane with the 
eye, let V be the principal point j make 
VC equal to the line of diftance VE, and 
the angle VCD equal to the diftance of the 
fun from the vertical plane : but in this 
cafe, the angle VCD muft be made on the 
fide of VG, which is oppofite to the fun; 
that is, towards the right hand, if the fun 

is 
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is towards the left ; let CD meet AB in D, 
and join DK : DK is the polition of the 
fhadow of LK. 

Make DB equal to DC ; and, in this cafe> 
make the angle DBF, on the fame fide of 
AB that the point C is, equal to the fun's e- 
levation • let BF meet the ftraight line drawn 
from D, at right angles to AB in F, and 
join FL, meeting DK in M : KM is the 
perfpedtive of the (hadow of LK. The dc- 
monftration is the fame with that of the 
firft cafe. Which was to be done. 

In this manner, the perfpcdlives of the 
fliadows of all other ftraight lines at right 
angles to the geometrical plane are found ; 
and by means of thefe, the perfpe<3ive of 
the fhadow of any folid is [art. 36. & 38.] 
found. 



SECT. IL 

ProjeSiion of the Sphere. 

I . T)Rojedion of the fpherc is a particu- 
X lar cafe of perfpedive, by which 
the reprefentations or perfpedives of the fe- 
deral circles of a fphere are defcribcd upon 
the plane of any one of its great circles. 

2. 
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2. Def. !• The great circle oJF the fphere 
upon whofc pUne the oth<*r drcWs are pro- 
jcdcd, is- called the primitive circli. It cor- 
refponds to the perfped:ive plane in perfpec-* 
tive [def. 2. per.]. The ftraight Ime drawn 
from the eye at right angles to the plane of 
this circle pafles through its centre. In the 
ftcreographic prc5e€tion of the fphere, the 
eye is fuppofed to be in the pole of the pri- 
mitive circle. The primitive circle is de- 
fcribed with the thord of fixty degrees. Sec 
art. lo. II. 12. fe^. 3. i.} and the finesy 
tangents, and fedants, afterwards m^ntbn- 
ed, are taken from a fcale of the iame ra- 
dius. 

3. Def. 2. All circles of the fphere whofe 
planes are parallel to the plane of the pri- 
mitive circle, are called dire El circles. 

Hence, all dire<5t circles are projefted in- 
to circles that are equal to them [art. 7. 
per.]. 

4. Def. 3. All circles whofc planes arc 
at right angles to the plane of the primitive 
circle, are called right circles. 

. Hence, all right circles are proje(5ted into 
flraight lines [art. 6. per.] equal to their dia« 
meters. 

5- 
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5. Def. 4. All other circlcif of the fphq-c 
are called id^lique circles. 

6. Def. 5. A Jpberical angle \% the incli- 
nation of two great circles meeting one an- 
other in the fuperficies of the fphere, which 
is the fame thing with the inclination of the 
planes in which thefc great circles are ; that 
is, the angle contained by the draight lines 
touching the circles at the point where they 
meet [11. i. Theod. 18. 3. & def. 6. n.]* 
A fpherical angle is meafared by the arc of 
a great circle pafling through the poles of 
the great circles that contain the fpherical 
arrgle, between the points where it meets 
them ; and thefe points are a quadrant di«- 
ilant from the fpherical angle [13. I* 
Theod.]. 

7. Def. 6. The common fedion of a 
circle, pafling through the eye and through 
the poles, of the primitive, and of the circle 
to be projefted with the primitive circle, is 
called the line of meafures. This circle, 
which [conv. 13. i. Theod.] is at right 
angles to the primitive circle, and to the 
circle to be projefted, correfponds in per- 
j^ilive to the vertical plane [def. 6. per.]. 



PROP, 
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PROP. I. THEOR. Platee.J^.^. 

8. The parts of the diameter AC, into which 
[art. 4.] a right circle ABC is projeSied^ 
are each of them equal to the half tangents 
of the arcs BF, BG which they reprefent. 

For if the eye be in D, the pole of the 
great circle AC, ' its other pole B (hall ap* 
pear [10. i. Theod.] in E the centre ; join 
DF, DG, meeting AC in H, K : H, K, 
arc the perfpedtives of the points F, Gj 
and therefore EH, EK, are the perfpe<5tivcs 
of the arcs BF, BG : join FE, GE 5 and 
becaufe the angle FEB [20. 3.] is double of 
the angle HDE, the arc BF, which mca- 
fures the angle FEB, is double of the arc 
which meafures the angle HDE, becaufe 
DE is equal to EB : but EH is [def. 3. 
fed:. I .] the tangent of the arc, which is thc^ 
meafure of the angle HDE ; therefore EH 
is the half tangent of the arc BF. In like 
manner, it is fhewn, that EK-is the half 
tangent of the arc BG. Q^ E. D. 

Cor. I. Hence, if the femicircle ABC 
be divided into its degrees, and if ftraight 
lines be drawn from D to each point of di- 

vifion, 



SeA.lI. the SpriERE. 145 

vifion, thcfc ftraight lines (hall divide AC 
iilto its degrees* 

Cor. 2. And if parallel Icfler circles 
KLM, HNO, are to be projedled upon the 
plane of the circle ABCD, the diftances 
EK, EH, with which they muft be dcfcri- 
bed, arc found by making the arcs AG, 
AF, equal to the ^diftances of the circles 
KLM, HNO, from the circle ABCD, and 
joining DG, DF, meeting AC in K, H ; 
or, which is the fame thing, making EH, 
EK, equal to the half tangents of BF, BG. 

Cor. 3. Alfo, fig. 5. the diameters of 
any Icfler circles KLO, HNM, which are 
within the circumference of ABC, are 
found by making the arcs. AG, AP, equal 
to the diftances of the lefler cirdes from 
ABCD towards A, and CQ, CF, equal to 
their diftances from it towards C, and join- 
ing DG, DP, DQ. DF, meeting AC in 
K, H, M, O ; KO, HM, are the diame- 
ters of the leffcr circles KLO, HNM. And 
if E, the centre of ABCD, is within the 
circumference of a lefler circle, as KLO, it 
is manifeft, that KO, the diameter of the 
lefler circle KLO, is equal to the fum of 
the half tangents of the arcs BG, BF, on 
each fide of B, the other pole of AC. But 

T if 
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if £, the centre of ABCD, is without the 
circumference of a leffer circle UNM, HM 
is equal to the difference of the half tan* 
gents of the arcs BQj BP. 



PROP. IL THEOR. Fig. 6. 

9. When the eye is in the pole of the primitive 
circle J all oblique circles of the fphere are 
pryeSied into circles. 

Though the truth of this proportion ap- 
pears from what was faid [art. 7. per.], it 
is perhaps proper to give the common de- 
monftration of it here, which is but a par- 
ticular cafe of the propofition of AppoUo- 
nius there referred to 5 for the rays proceed- 
ing from each point of the circumference of 
the oblique circle to the eye in the pole of 
the primitive, are in the fupcrficies of a cone, 
whofe bafe is the oblique circle ; and this 
cone is manifeftly cut fubcontrarily by the 
primitive circle. 

Let EF be any oblique circle, and let the 
eye be in D, the pole of the primitive circle 
AC; and let B be its other pole. If DE^ 
DF, be joined, meeting AC in G, L, the 
ftraight line GL, (which [corl 3. i. of this] 
is equal to the fum of the half tangents of 

the 
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^the arcs BE, BF), is the projeftion of the 
ftraight line EF, which is the diameter of 
the oblique circle EF. Let the cone, whofe 
bafe is the oblique circle EF, and vertex 
the point D, be cut by a plane parallel to 
the bafe, the/edion NHMQ^made in the 
fuperficies of the cone by this plane (hall be 
a circle [art^ 7. per.] : let this circle meet 
the plane of the pi imitive in H, and draw 
HP at right angles to GL^ meeting it in P; 
through P, draw NM, a diameter of the 
circle NHMQ, parallel to EF, the diame- 
ter of the bafe df the cone : let O be the 
centre of the circle ABCD, and join EB. 
Becaufe the primitive circle AC is [con v. 
13. I. Tbeod.] at right angles to ABCD, 
HP [dcf. 3. & 4. I i.J is at right angles to 
NMj therefore [35. 3.] the.fquareof HP 
is equal to the rcdangle NPM : but be- 
caufe the angles DOG, DEB, [10. i, 
Theod. & 31. 3.] are right angles, and that 
the angle EDB is common to the two tri* 
angles DGO, DEB, the angle DGO 
[32. I.] is equal to the angle EBD; that 
is [21. 3.], to the angle EFD, or [29. i.] 
to the angle PML : wherefore the angle 
NGP is equal to the angle PML, and 
[15. I.] the Vertical angles GPN, MPL, 

T 2 are 
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arc equal, and the triangle GNP is [32. i.] 
equiangular to the triangle PLM; there^ 
fore [4. 6.] NP is to GP, as to PL to PM| 
and [16. 6.] the rectangle GPL is equal to 
the redtangle NPM, that is, to the fquare 
of HP; therefore [conv. 35. 3.] the point 
H is in the circumference of a circle whofe 
diameter is GL. In like manner, any o- 
ther point in the fedion made by the primi- 
tive AC in the fuperficies of the cone, may 
be fhewn to be in the circumference of the 
circle in which H is. Q. E. D, 

Cor. I. Hence, fig, 5. the leffer oblique 
circles KLO, HNM, are projedled upon the 
plane of the primitive ABCD, by bifeAing 
the diameters KO, HM, found as in cor. 3. 
I. of this, in R, S. 

Cor. 2. Hence a great circle, fig. 7. inclined 
to the primitive ABCD, and pafling through 
the extremities of the diameter BD, is pro^ 
jedcd as follows. Draw the diameter AC at 
right angles to BD, (which is therefore the 
line of meafures, def. 6. of this), and make 
the arc AF equal to the inclination of the 
circle to be projedted to the primitive ; join 
DF, meeting AC in G 5 and through the 
three points B, G, D, defcribe [5. 4.] a 
circle 5 this qircle (hall he the projedion re- 
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quired. The centre of the circle to be pro- 
jefted, however, is found more eaiily by 
means of the following propofition. 



PROP. HI. THEOR. Fig: 7. 

10. The centre of the projeSion of a great 
circle is in the line pf meafures^ and its 
Ai fiance from the , centre of the primitinje 
is equal to the tangent of that great circlets 
inclination to the primitive. 

I^et AQ^[art. 7.] be the line of meafures, 
and make AF equal to the inclination of 
the great circle whofe projeftion is GBQD 
to the primitive ABCD ; join DF, meeting 
AQJn G ; and from F, draw FK, a dia- 
meter of the primitive j join DK, meeting 
AQ^in Q. If the eye be in D, GQ is the 
projeftion of the diameter FK j and if GQ^ 
be bifeded in H, H (ball be the centre of 
the projeftion GBQD. Join DH, meeting 
FK in L. Becaufe HD is. equal to HQ, 
the angle EQD [5. 1.] is equal to the angle 
LDK ; and becaufe £K is equal tp ED, the 
angle EDQ^ is equal to the angle LKD ; 
wherefore [32. i.] the angle DLK is equal 
tP the angle DEQ, and is therefpre a right 

angle j 
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angle J therefore EL is at right angles to 
DH, and [8. 6.] the triangle DHE is fitni- 
lar to the triangle EHL ; therefore the angle 
EDH is equal to the angle LEH : but LEH 
[15. I.] is equal to the angle FEA, which 
is the inclination of the circle whofe projec- 
tion is GBQP to the primitive 5 therefore 
the angle EDH is equal to that inclination, 
and EH [def. 3. fe<fl. i. i,] is the tangent of 
the angle EDH, DE being radius, Q^E. D. 

Cor. I. DH [def. 4. fe^. 1. 1.] is the fe^ 
cant of the angle EDH, or of the inclina- 
tion. 

Cor. 2. Hence a fpherical angle of any 
given number of degrees may be defcribcd. 

( i ) If the fpherical is to be defcribed at 
the point B in the circumference of the pri- 
tnitive circle ABD, let E be the centre of 
the primitive ; draw the diameter BD ; 
draw another diameter AC at right angles 
to BD; make EH [art. 14. feft. 3. u] c- 
qual to the tangent of the fpherical angle to 
be defcribed : from the centre H, with the 
diftance HB, defcribe the arc BG ; the 
fpherical angle ABG is the one required. 
The fame thing is done by making BH c- 
qual to the fecant of the inclination [art. 1 5, 
(eft. 3, I.]. 
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(2) If Uie fpherical angle is to be defcrU 
bed at any given point P, fig. 8. witUn the 
circumference of the primitive circle ABCD, 
let E be the centre of the primitive ABCD ; 
through P, draw BD, a diameter of the pri- 
mitive> and another diameter AG at right 
angles to BP j through the three points A, 
P, C, defcribe a circle HPF, let G be the 
centre of^his hd circle, and draw a drame* 
ter of it HF at right angles to BD j make 
GK equal to the tangent of the fpherical 
angle to be defcribed at P ; from the centre/ 
K| with the diftance KP, defcribe an arc 
LPM ; the fpherical angle LPC or APM is 
the one. required. This is manifeft from- 
the preceding cafe: For after the circle 
HPF is defcribed, (by making EG equal tor 
the tangent of its inclination to ABCD), it 
is confidered as a primitive circle; and the 
fpherical angle APM is defcribed at the 
point P in the circumference of it as in the 
preceding cafe. If the fpherical angle at Pt 
is to be contained by PM, an arc of an ob- 
lique circle, and PE an arc of a right cir- 
cle ; the fame coaftrudioa- being made; 
make GK equal to the tangent of the com- 
plement of the fpherical angle to be defcri- 
bed j and defcribe the arc LPM as before^ 

the 
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the rpherical angle MPE is the one requi-* 
red ; for the fpherical angle MPE is the 
complement of the fpherical angle APM^ 
It is manifeft, that a fpherical angle at the 
pole or centre of the primitive circle is a 
rectilineal angle* Thus, fig. 4. the angle 
AEG is contained by AE, GE, arcs of right 
circles, and is meafured by the arc AG of 
the primitive circle. 

Cor. 4. The number of degrees of a 
fpherical angle may be found by the con-> 
verfe of thefe methods. 

( I ) If the fpherical angle ABG, fig. 7. 
be at any point B in the circumference of 
the primitive circle, find E and H [25. 3.], 
the centres of the arcs AB, GB, that con- 
tain the fpherical angle ABG, EH is equal 
to the tangent of the fpherical ^angle ABG; 
In like manner, GK, fig. 8. is equal to the 
tangent of the fpherical angle APM or 
LPC, and to the cotangent of the fpherical 
angle MPE, contained by an oblique and a 
right circle. 

The mcafurc of a fpherical angle ABG, fig. 
7. may alfo be found upon the circumference 
of the primitive circle ABCD. Let E be 
the centre of the primitive, and draw the 
diameter BD s draw another diameter AC 

at 
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it right angles to BD> meeting the arc BG 
in G; join DG, meeting the primitive cir-^ 
clc in F J the arc AF [cor* 2. 2. of this] is 
the mcafure of the fpherical angle ABG* 



PROP. IV. THEOR. Fig.^. 

i I . frbeti the eye is in the pole of the primi-^ 
tive circle^ all lejfer circles whofe planet 
are at right angles to the plane of the pri-* 
miti^e^ or [13. i. Theod.] through whoji 
poles the primitive paffes^ are projeSied intd 
circles. 

Let NK be a diameter of a lefTer circle^ 
through whofe poles A, C, the primitive 
A6C0 palTes : let the eye be in D, a quadrant 
diftant from the poles of the lefler circle, and 
join AC; join DN, DK, meeting AC In* 
M, (\\ MC^is the pfojedion of the diame* 
ter NK, and MQ, NK, are placed fubcon- 
trarily. From D, draw DB, a diameter of 
the circle A BCD, it fhall bd at right angles 
to AC I let E be the centre of ABCD, and 
join KB. Becaufe DEQ is a right angle^ 
and that'DKB [31.3.] is a right angle, 
and the angle BDK is common to the two 
triangles BDK, EDQ; the angle DQE is 

U equal 
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equal to the angle DBK, that is [21. 3*}, 
to the angle DNK, and the angle N£>Q 
is common to the two triangles NDK» 
MDQ^ therefoFc the angle DKN is.equal 
to the angle DMQ^, and MQ^is placed fub- 
contrarily to NK ; therefore the circle whofe 
diameter is MQ, and whofe plane is at right 
angles to the plase.of AfiCD, cuts the cone 
whofe bafe is NK» and whofe. vertex is D^ 
fubcontrarily, and, as was (hewn, [2. of 
this] makes the circumference o^ a circle in 
the fuperficies of that cone. Q^ £. D. 

Cor. I . Hence the projedion of any leffer 
circle, through whofe poles C, A, the pri- 
mitive ABCD paffes, is defcribeA as foUaws. 
Make CN, CfCr each of them equal t& the 
diftance of the lefler circle frdm^ its neareft 
pole C $ from D, the extremity of the dia- 
nieter of the primitive, which is at right 
angles to AC, draw DN, meeting AC iii 
M ; and through the three points N, M, K^ 
[5. 4.] defcribe a circle ; it (hall be the pro^ 
jedtion required^. 

Gor. 2* Hence, and prop. 2. if a-com 
whofe vertex is any point in the fupo-ficies 
of the fphere, and whofe bafe is a circle in 
the plane of the primitive, be cut bya plane 
parallel to the primitive^ the fedion of the 

cone 
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Qone bf this kft plane Hiail alfo be a circle. 
The wtttre of a leffer circle to be defer ibed, 
however, is found more eai^ly by means of 
the fcdlowifig prop(^tion. 



PROP. V. THE OR. Fig. 7. 

12. The centre of the pryeSiion of a leffer 
circle^ tbrjougb wbofe poles the primitive 
paffesy is in the line of meafures ; and its 
difiance from the centre of the primitive^ is 
equal to the fecant of the di/iance of the 
circumference of the Jejfer circle from its 
near^fl pole. 

The faoie conftru^ioQ remaining as ia 
the preceding prop, and cor. i. Let P be the 
centre of MNQK> which is the projetlUon 
of the leffer circle, which meets the primi- 
tive ABCD in N, K ; join EN, NP, NQ. 
and NK, meeting AC^in O. Becaufe the 
angle DEK [ao. 3.] is dauWe.of the angle 
DNK, and that the angle EKN [19. 11. 
&29. 1.] or ENK [5. i.j is equal to DEK, 
the angle ENO is double of the angle 
MNO, that is (becaule MNQ^[33. 3 J is 
jt fight ^ngle, and that NO is at right iii gles 
JO MQ) [8. 6.], double of the angle MQN: 
Bnt the angle MPN [20. 3.] is alio double 

U 2 of 
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of MQN ; wherefore the angle ENO is equal 
to the angle EPN 5 and [conv. 8. 6.] the 
triangle EPN is fimilar to the right-angled 
triangle ENO: therefore the angle ENP is 
a right angle, and EP [def. 4. {e&. i. 1.] 
is the fepant of the angle NEP, or of the 
arcNC. Q. E. D. 

The centre P may alfo be found by ma- 
king NP equal to the tangent of the arc 

NC. 

Cor. From this, and from prop. 3. it is 
manifeft, that the angle contained by two 
ftraight lines drawn from the point where 
the projedion of any circle meets the pri^ 
mitive, to the centres of the primijLive and 
projeded circle, is equal to the angle con- 
tained by thefe circles in the fuperficies of 
the fphere ; that is, to the angle contained 
by the planes in which thefe circles are. 

PROP. VI. PROB. Fig. 9. 

■m 

1 3. To find the projeSted poles of a great cir* 
cle DGB, projedled upon tie plane of tbet 
primitive A3CD, 

Let DGB meet the primitive in D, B j 
join DB, which i? a diameter of the primi- 

• tiv9, 
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tive> and draw AC, another diameter of the 
primitive, at right angles to DB, meeting 
the projected circle DGB in O ; join DG, 
meeting the primitive in F ; and from F, 
draw FM, a diameter of the primitive s the 
diiameter NO, which is at right angles to 
FM, pafTes through O, N, the poles of 
DGB in the fuperficies o^ the fphere [def. 
5. 1. Theod.]. If therefore DO be joined, 
meeting AC in P, P ihsU be the projected 
pole of DGB. In like manner, if DN be 
joined and produced, it (hall meet AC, 
produced in the other pole of DGB« 
Which was to be found* 



PROP. VII. PROB. Fig.S. 

1 4. To divide a projeSed great circle DGB 
into degrees. 

Find P, its projeifted pole [6. of this] j 
divide the primitive ABCD into degrees^ 
and from P, draw ftraight lines to the points 
of divifion in the primitive \ thefe flratght 
lines fhall divide the projected circle DGB 
into degrees. Thus PQ, PR, divide the 
projcacd circle PGB in S, T, as the. pri- 

njitivc 
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midv)C98 divided in Q, R. Which iwas to 
be'doDe. 

Cor. From thefe two hft prq>o&ians» it 
is manifeft how the proj^ffced pole$ of a lefler 
cirde are found, and how a prc^ec^ed IcQkv 
circle is divided into degrees.: for the pg^c of 
a leiTer circle, is the pole of a great cirde 
which h parallel to it s and the cirdes that 
divide the one into degrees, divide atfo the 
other into degrees. « 

Orthographic ProjeStion of the Sphere, 

15. The orthographic' pfcjeaion of the 
fphere differs in nothing from the fiereo- 
graphic, except that in the orthographic 
projedion, the eye is fuppofed to be at fo 
grent a diil^nce from tb^ fphere, as that the 
rays of light proceeding from its ieveral 
points to the eye may be confidered as pa- 
rallel ; and for that reafon, fig, 10. the 
parts of the diameter AC, reprefenting arcs 
of thd femfcirde ABC, arc not equdl to the 
half tangents of the arcs which they r epre- 
ient, as in prop. i. but to the ver&d fines 
ofthttfcarcs. Thus GC, rfeprjefcntitig jCC 
fdef.^. fed. I. 1.3, is the verfed ^finc of 
'ICC; QC rcprefcnting PKC, istheverfed 

fine 
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fine of PKC. Hence, if the ray MB ptkfs 
tb'ough. the centre £, and if th^ ^sjs L)C, 
OP, meet the diameter AC in any points 
G, Q^ EG, EQ, reprefcnting BK, BP, 
[def. 6. fe(5t, i • i .] are equal to the coiines 
of KC, PkC ; QG, reprifcnting PK> is e- 
qual to the difference of the coiines of Kd 
PKC, or to the diflfercnce of the verfed 
fi^rrcs of thcfe arcs i and QF, . rcprcfcnting 
PBH, is equal to the ftfm. of the cofined of 
the arcs PKC, ETA, or to the difference of 
the verfed* fines of the arcs PKCr HKC. 

For the fame reafon, the diameter of the 
projedion of a leffcr circle FRGS, parallel 
to the primitive, is not equal to the fum of 
the half tangents of that lefTer circle's di- 
flance from the pole of the pritnitive y but 
it is equal to the fum of the fines of that 
diflance. 

All circles of the fphere which are at 
right angles to the primitive are projeded 
into flraight lines. Laftly, all circles that 
are inclined to the primitive are projedlfed 
into ellipfes^ as is fhewir in the following 
proportion. 
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PROP. Vm. THEOR. Fig.ji. 

16. LetABCDbeaJpbere, and^^UMd- 
ny circle of the Jpbere inclined to the pri-* 
mitive\ let EG, the Jlraigbt line drawn 
from the eye to E the centre of the primi^ 
tive^ be at right angles to the plane of the 
primitive j and let BF, DH, ra^s of light 
proceeding from any points of the fphere to 
the eye^ be confdered as parallel to EG, and 
therefore [8. \\?^ at right angles to the 
plane of the primitive 5 the points where 
perpendiculars to the plane of the primitive^ 
drawn from any number of points in the 
circumference of the oblique circle BNDM, 
meet the plane of the primitive^ are in the 
circumference of an ellipfs^ whofe greater 
axis is equal to the diameter of the oblique 
circle BNDM, and lejfer axis equal to 
twice the cojine of its inclination to the pri- 
mitive. 

Let MN be the common fedion of the 
oblique circle BNDM with the primifivc, 
MN is a diameter of BNDM, (the femi* 
circle MBN being on one fide, and MDN 
on the other fide of the primitive) ; let BD 
be the diameter of BNDM, which is at 

right 
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right angles to MN ; and from any point 

0, in the circumference of BNDMi dravr 
OQ^at right angles to MN, meeting it in 
Qj and draw OP at right angles to the 
plane of the primitive, meeting it in P j 
join PQ, and let BF meet the plane of the 
primitive in K* Becaufe OQ, OP, arc [28, 

1. & 6» II.] parallel to BE, BK, and not 
in the fame plane with them, the plane 
pafling through OQ, OP, is [15; 11.] pa- 
rallel to the plane paffing through BE, BK ; 
therefore PQjnd KE, the common fedions 
of thefe planes, with the plane of the pri* 
toitive, are [16. 11.] parallel^ and the tri- 
angle OQP is therefore fimilar to BEK : 
and becaufe the redtangle MEN is [35. 
3.] equal to the fquare of BEj and the 
redlangle MQN to the fquare of OQ,^the 
redanglc MEN is to the redlangle MQN, 
as the fquare of BE to the fquare of OQ; 
that is, (becaufe the triangles BEK, OQP, 
are fimilar, and [22. 6.] ), as the fquare of KE 
to the fquare of PQj wherefore the redlanglc 
MEN is to the redangle MQN, as the fquare 
of KE to the fquare of PQ: but the reftangle 
MEN, that is, the fquare of BE, is [19. i,] 
greatqr than the fquare of KE, and the 
recSangle MQN, that is, the fquare of OQ, 

X is 
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is greater than the fquarc of PQ. And be- 

caufe BK is at right angles to the plane of 

the primitive, the pkne of the triangle 

BEK is [i8. II.] at right angles to the 

plane of the primitive : but BE is at right 

angles to MN ; therefore [2, & dcf. 4, 11 .] 

the. plane of the triangle BEK is at right 

angles to the plane of the circle BNDM, 

and [19. II.] KE is at right angles to MN ; 

therefore PCLis alfo at right angles to MN : 

wherefore [cor. i. 6. 2. Simf. con.] the 

point P is an ellipfis, whofe gregter axis is 

MN, and lefler axis twice KE or KL; 

and KE is [def. 6. fccfl. i. i.] the coiine of 

the angle BEK, which [def. 6. 11.] is the 

inclination of the plane of the oblique circle 

BNDM to the plane of the primitive^. In 

like manner, the point vtrfaere a (Iraighi line 

drawn from any other point in the circum- 

ference BNDM, at right angles to the plane 

of the primitive, meets that plane, is (hewn 

to be in the fame ellipiis* (^ E. D. 

Cor. Hence KP, the part ot. the ellipfis 
which is the projection of BO, any part of 
the. circle BNDM, is found, by finding the 
points where the perpendiculars drawn from 
By O, to the plane of the primitive, meet 
that plajie^ 

SECT. 
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SECT. HI. 

Spherical Trigonometry. 

I, A Spherical triaogie is a figure con- 

/jL tained by three arcs of great circleSi 
meeting one another in the faperficies of a 
fpbere. 

2. Thie three planes in which thefe arcs 
arp» meet at the centre of the fphere; and 
the three arcs or fides of the fpherical tri^ 
angle are refpedively the meafures of the 
plane angles that contain the iblid angle at 
the centre of the fphere. 

Hence the three fides of a fpherical tri- 
angle are together lefs than the whole cir^ 
cumference of a great circle of the (ame 
iphere; becaufe every folid angle is con- 
tained by plane an gles^ which together are 
lefs than four right angles {21, 11.]: but 
the meafures of four right angles are four 
quadrants, or a whole circle -, therefore the 
three fides of a fpherical triangle arb toge- 
ther lefs than the circumference of a great 
cicde. 

Hence alfo any two fides of a fpherical 

X 2 triangle 
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triangle are together greater than the third : 
becaufe [20. 1 1 .]» when a folid angle is con- 
tained by three plane angles, any two of them 
are together greater than the third ; there* 
fore the meafures of any two of thefe plane 
angles, in the fuperficies of the fphere, are 
together greater than the meafurc;of the 
third ; that is, any two fides of a fpherical 
triangle are together greater than the third 
fide. It is likewife manifeft, that any fide 
of a fpherical triangle is lefs than a femi- 
circle. 

3. The angles of a fpherical triangle, arc 
the inclinations of the planes in which are 
the arcs that contain the fpherical angles; and 
the meafure of a fpherical angle, is an arc of 
a great circle intercepted between the two 
circles that contain the fpherical angle at a 
quadrant's diftance from the angular point 
in each circle ; becaufe this intercepted arc 
is the meafure of the inclination of the 
planes in which theie arcs are. 

Hence two adjacent fpherical angles arc 
equal to two right angles ; and*^two vertical 
ipherical angles are equal to one another. 

Hence alfo the three angles of a fpheri- 
cal triangle are together greater than two 

right angles. 

For, 
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For, let AC, AB, and BC, plate 7. fig. i. be 
the three fides of a fpherical triangle ; let £ be 
thf centre of the fphere, and join E A, EB, 
eC; joinlikewifc AC, AB, BC, and [2. 
J I .] they (hall be in one plane. Becaufe 
EA is equal to EB, the angle EAB [5. & 
32. I.] is lefs than a right angle, for the ^ 
fame reafon the angle EAC is lefs than a 
right angle. Through the ftraight line BC, 
let a plane pafs at right angles to the ftraight 
line EA s CF> and BF, thie common fefition^ 
of this plane, with the planes EAC, EAB, 
arc. each of them [def. 3. 1 1.] at right angles 
to EA, and [def. 6. 11.] the angle CFB is 
the inclination of the planes EAC, EAB : 
but CA [19. I.] is greater than CF, and 
BA is greater thanBF; therefore [21. i.] 
the angle CFB is greater than the redilU 
peal angle CAB. In like manner, it is 
fhown, that the inclination of the planes 
£AC, pCB, is greater than the redilineal 
angle ACB ; and that the inclination of the 
planes EAB, ECB, is greater than the rec- 
tilineal angle ABC j wherefore the inclina- 
tions of thefe three plan^s,^ or the three 
fpherical angles BAC, ACB, and CBA, are 
together greater th^n the thr^e angles pf thQ 

pla«« 
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plane tnang^e ACB,;that is [32. i.], greater 

than two right angles. 

Another' property of a fpherical triangle 

IS commonly demonftrated along with thisi 

viz. " That the three angles of a fpherical 
triangle are together lefs than fix right 
angles/' This amounts to no more> than 

that any refiilineal angle is lefs than two 

right angles^ which requires no demonflra- 

tion. 

4. Becaufe the fides of 2 fpherical triangle 
arc rcfpedively the meafures of the plane 
ungles that contain a folid angle at the cen- 
tre of the fphcre, the greater angle of every 
fpherical triangle is fubtended by the great- 
er fide, and f contra. For the fenie rcafon, 
equilateral fpherical triangles are equiangu- 
lar, and e contra ; and the angles at the bafc 
of an ifofcies fpherical triangle are equal to 
one another, and e contra. 

5. If AC and AB, two fides of a fpheri- 
cal triangle ACB, be together equal to a 
femicircle, ABC and ACB, the fpherical 

; angles at the bafe, (hall be together equal to 
two right angles; becaufe AC and AB arc 
equal to a femicircle only, when the plane 
angles CEA and BE A at the centre of the 
fphere^ arc together equal to two right 

angles j 
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an^iss ; that ts, when the inclinations of 
the two planes EAC, EAB, 10 .the third 
plane ECB, are together equal to two right 
angles, and e contra* Likewife, when two 
fide^ AC and AB are together equal to a fe- 
piidrcle, the outward fpbericaj angle ACD is 
equal to the inward oppoiite fpberical angle 
ABC at the bafe ; hecaufe any two adjacent 
\ ^erical angle$ ACB and ACD are [art. 3,] 
s eqaal to two right angles. In like manner^ 
if any two fides AC and AB together be 
greater than a femicircle, the fpherical 
angles ACB and ABC at the bafe Ihall be 
Iffcater than two right angles, and the out- 
ward fpherical angle ACD fhall be Icfe thaa 
the inward oppofite fpherical angle ABC at 
the bafe. But if two fides AC and A B to- 
gether be lels than a femicircle, the fpherj^ 
cal angles ACB and ABC at the bafe {hall 
be lefs than two right angles j and then the 
outward fpherical angle ACD (hall be great- 
er than the inward oppofite fpherical angle 
APC at the bafe. 

45. If each of the fides AiC, AB, of a 
fpherical triangle ACB be a quadrant, each 
of the angles ABC, ACB, at the bafe [art. 
5.] fhall be a right angle : If each of the 
fides AC, AB, be greater than a quadrant, 

each 
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each of the angles ABC,^ ACB, ihall be 
greater than a right angle : If each of the 
fides AC, ABi be lefs than a quadrant, 
each of the angles ABC, ACB, Ihall be leis 
than a right angle i And, in the firft cafe, 
if the fpherical angle BAC, contained by 
the two fides, be a right angle^ the bafe BC 
fhall alfo be a quadrant : but if BAC be an 
obtufe angle, the bafe BC (hall be greater 
than a quadrant ; and if BAC be an acute 
angle, the bafe BC (hall be lefs than a qua*** 
drant. 

7. If the arc AB, one of the fides of a 
fpherical triangle,* be a quadrant, and if the 
adjacent fpherical angle ABC be a right 
angle, the oppofite fpherical angle ACB 
[art. 3.] (hall be a right angle. If AB be 
greater than a quadrant, the oppofite angle 
fhall be greater than a right angle ; and if 
AB be lefs than a quadrant, the oppofite 
angle (hall be lefs than a right angle, and 
e contra. 

8. If ABC, an angle of a ipherical tri- 
angle ACB, be a right angle, and if each 
of the fides B A, BC, containing that angle, 
be greater or lefs than a quadrant, the hy- 
pdthenufe AC [art. 3.] ihall be lefs than a 
quadrant. Likewife, if ABC be a right 

angle. 
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angle, and if each of the other angles BAG, 
BCA> be either greater or Jefs than a right 
angle, the hypothenufe AC ihalJ be lefs 
than a quadrant ; but if ABC be a right 
angle, and if one of the other angles at A 
and C be obtufe, and the other acute, or 
if one of the fides BA, BC, containing the 
right angle ABC, be greater than a qua- 
drant, and the other lefs, the hypothenufe 
AC (hall be greater than a quadrant. 

9. If CA, CB, and BA, fig. 2. each of the 
three fides of a right-angled fphcrical tri* 
angle ACB, be produced till CD, C£, and 
BP become each of them quadrants, and if 
an arc of a great circle be defcribed through 
the three points F, D, E, the other right- 
angled fpherical triangle FAD, thus defcri- 
bed, is called complemental to the fpherical 
triangle ACIj ; becaufe the parts of the one 
fpherical triangle are the complements of 
the parts of the other to quadrants. Thus 
AD, one of the fides of the fpherical tri- 
angle FAD, is the complement of CA^ the 
hypothenufe of the fpherical triangle ACBy 
FA, the hypothenufe of the fphcrical tri- 
angle FADf h the complement of AB, one 
of the fides of the fpherical triangle ACB ; 
BE, or [art. 3.] the angle AFD of the 

Y fpherical 



170 SpHEKiCAL Part II. 

fpherical, triangle FAD, is the pomplemeiit 
of CBi the other fide of the fphcrical tri- 
angle ACB. Laftly, FD, the remaining 
fide of the fpherical triangle FAD, is, the 
complement of DE, that is [art. 3.], of the 
fpherical angle ACB; and [art, 3.] the ver- 
tical fpherical angles FAD, BAC, are e- 
qual. 

10, The difference between a plane and 
a fpherical triangle in trigonometry is, that 
the geometrical quantities that compofe a 
plane triangle are three ftraight lines, and 
three plane angles contained by thcfe ftraight 
lines : but the quantities that compofe a 
fpherical triangle are three arcs of great cir- 
cles, and the three angles contained by 
thefe arcs. But becaufe a fpherical angle i$ 
the inclination of the planes in which arc 
the arcs that contain the fpherical angle, a 
fpherical angle does not differ from a redi- 
lineal angle as to the bufinefs of fpherical 
trigonometry. 

11. And becaufe arcs of circles are the 
meafures of redilineal angles, and that thefe 
arcs or meafures are found by means of 
ftraight lines, viz. fines, tangents, &c», 
therefore the objeds of calculation in fphe- 
rical triangles do not differ from thofe in 

; planQ 
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plane triangles, except that 'no p^rt of a 
Xpherical triangle is a (Iraight line, or that 
the parts of a fpherical triangle which arc 
given, and to be found, are arcs of circles, 

1 2. Spherical triangles are by the follow- 
ing propofitions reduced to plane ; fo that 
the parts of the fpherical triangle cofrefpond 
to parts of the plane. 



PROP. L PROB. Plate J . fig. I. 

13. 7b reduce a rigbt'angkd fphericsl tri^ 
angle ABC to a right-angled plane tri- 
angle ^ fo that when the fine of AB, the 
hypothenufe of the fpherical triangle y is made 
the hypothenufe of the plane triangle^ the 
fine of BC, a fide of the fpherical triangle ^ 
fhall be the fide of the plane ^ oppofite to a 
reSlilineal angle equal to the oppofite fphe^. 
rical angle BAC. 

Let D be the centre of the fphere, and 
join DA, DB, DC: from B, draw BE at 
right angles to AD, meeting it in E ; and 
from E, draw EF, in the plane of the arc 
AC, at right angles to AD, meeting DC in 
F, and join BF. Becaufe AD is the com- 
mori feftion of the two planes ADB, ADC, 

Y 2 i^ and 
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and that EB, EF, are drawn in thefe planes 
at right angles to AD, the angle BEF [def. 
6. II.] is the inclination of the two planes 
ADB, ADC, that is [art. 3.], the Ipherical 
angle BAG. And becaufe AD is at right 
angles to the two ftraight lines EB, EF, at 
the point E where they meet, AD [4. 1 1.] 
is at right angles to the plane of the triangle 
BEF ; therefore [18. 11.] the plane ADC is 
at right angles to the plane of the triangle 
BEF : but the plane BDC is, by hypothe- 
iis, at right angles to the plane ADC| 
wherefore the two planes BEF, BDC» are 
each of them at right angles to the plane 
ADC; and [19. 11.] their common fedtion 
BF is at right angles to the plane ADC : 
therefore each of the angles BFE, BFD, is 
a right angle; and BF [def, 2. fedl. i. 1.] 
is the fine of BC ; and BE, which [def. 2. 
fe£t. I. I.] is the fine of the hypothenufe 
AB, is the hypothenufe of the right-angled 
plane triangle BEF ; BF, the fine of the arc 
BC, is oppofitc to the redilineal angle BEF, 
which is equal to the fpherical angle BAG. 
Which was to be done. 



PROP. 
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PROP. II. THEOR. P/^. 3. 

i/^lf EB, the fine of BA, the bypothenuje 
of a right-angled fpherical triangle ABC, 
be made radius y BF the fine of BC, ei^ 
ther of the fides Jhall be the fine of the op^ 
pofite fpherical angle B AC. 

Join EF. Becaufe [i. of this] EFB is,a 
right angle, if from the centre E, with the 
diftance EB, a circle be defcribed meeting 
EF produced, the arc of this circle inter- 
cepted between B, and the ftraight line 
EF, fliall [art. 5. kOi. i. i.] be the meafurc 
of the angle BEF, that is [i. of this], of 
the fpherical angle BAC. qIe. D. 

Cor. I. Hence, if BA, the hypothenufe^ 
and BC,< one of the fides of a right-angled 
fpherical triangle, be each of them given, 
the angle BAC, oppofite to the given fide, 
is found J becaufe its fine is the fourth pro* 
portional to the three terms, the fine of the 
hypothenufe BA, the fine of the fide BC, 
and radius. 

Example. Let the hypothenufe BA be 
64*, and the fide BC 42°, to find the fphe- 
rical angle BAC. 

The 
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The folution. (i) By the logarith- 
mic tables. Add 9.8255109, which is the 
logarithmic fine of 42" to 10.0000000, 
which is the. logarithm of radius; and from 
thefum 19.8255109, fubtraa 9.9536602, 
which is the logarithmic fine of '64", the 
remainder 9.8718507 is the logarithmic 
fine of the fpherical angle BAC 48*, and 

near 7 mihuttfs. 

(2) By the fcalc of logarithmic fines. 
Extend the compaffes on the line of loga- 
rithmic fines from 64" to 42**, the famfe 
diftance (hall reach from 90* to thef number 
of degrees of the Ipherical angle BAC. 

(3) Bythefedor. Take the lateral di- 
ftance of the fecond term 42? off one" of the 
lines of fines from the centre, and make it 
the parallel diftance of the firft term 64^ 
alfo upon the lines of fines j then the paral^ 
lei diftance from 90** to 90°, or radius, Ihall 
reach from the centre of the feftor upon 
one of the lines of fines to 48% and 6 or 7 
minutes, the fame as by the tables. Sec 

art. 40. fed. 3. !• 

Cor. 2. If the hypothenufe BA, and an 
angle BAG, be cach.of them given, the 
fide BC, oppofite to the given angle BAG, 
is found J becaufc its fine is the fourth pro- 
portional 
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portional to the three terms» radius» the 
iine of the angle 6AC» and the fine of the 
hypothenufe BA, 

Cor. 3. If one fide BC, and the oppp- 
fite angle BAC, be each of them given, the 
hypothenufe B A is found ; becaufe its fine 
is the fourth proportional to the three terms, 
the fine of the angle BAC, radius, and the 
fine of the fide BC. This laft cafe is am- 
biguous. The propofition and its corollaries 
apply equally to the hypothenufe BA, the 
other fide AC, and the oppofite angle ABC. 
. Cor. 4. And becaufe the fine of the hy- 
pothenufe BA, the fine of a fide BC, ra« 
dius, and the fine of the angle BAC, op- 
pofite to BC, are proportionals i the re^- 
angle contained by radius, and the fine of 
3C [16* 6.], is equal to the reflangle coo* 
tained by the fine of BA, and the fine of 
the angle BAC. 
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PROP. III. PROB. Fig.;^. 

15. To reduce a right-angled Jpberical tri^ 
angle ABC to a right-angled plane tri^ 
angle ^ fo that when the fine of hC^ one of 
the fides of the fpherical triangle ^ is made 

I one of the fides of the plane triangle y' the 
tangent of CB, the other fide of the fpBe^ 
rical triangle J fioall be the fide of the plane^ 
oppofite to a reSlilineal angle equal to the 
oppofite fpherical angle "& AC 

Let D be the centre of the fphcre, and 
join DA, DC, and DB. Becaufe CG is 
the fine of the arc AC, CG [def. 2. fed. i. 
i»] is at right angles to DA : from G, draw 
GH in the plane, of the hypothenufe BA, 
at- right angles to DA, meeting DB in H, 
and join HC. The angle CGH is [def. 6. 
II.] the inclination of^ the planes BDA, 
CDA, that is [art.. 3.], the fpherical angle 
BAC : and becaufe DA is at right angles to 
each of the ftraight lines CG, GH, it is 
[4. 1 1 .] at right angles to the plane of the 
triangle HGC ; therefore [18. 11.] the 
plane ADC is at right angles to the piano 
of the triangle JiGC : but the plane CDH 
is, by hypoihcfis, at right angles to the 
plane ADC} wherefore each of the planes 

HGC^ 
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HGC» CDH 18 at right angles to the plane 
ADC 1 therefore their common fedion CH 
[19. II.] is at right angles to the plane 
ADC ; and [def. 3. 11.] each of the angles 
HCD, HCG» is a right angle ; therefore 
[def. 3. fed. I. I.] CH is the tangent of the 
jirc CB. . Which was to be done. 



PROP. IV. THEOR. i%. 3. 

16. If GC, the fine of AC, one of the fides 
of a right-angled Jpherieal triangle ABC, 
be made radius^ CH, the tangent of the 0- 
tber fide CB, . fioall be the tangent of the 
oppofite fpberical angle B AC. 

If from the centre G, with the diftance GG, 
a circle be defcribed meeting GH, the arc 
of this circle, intercepted between C, and 
the ftraight line GH, (hall [art. 5. fedt. 1. 1.] 
be the ipeafure of the angle HGC, that is, 
pi the fpherical angle BAC, and CH [3. of 
this] (hall be the tangent of that arc. Q^ £. D. 

Cor. I. Hence, if AC and CB, two 
iides of a right«angled fpherical triangle 
ABC, be each of them given, the fpherical 
angle BAC oppofite to one of them is 
/found ; bccauf^ its tangent is the fourth pro- 

. . Z portion al 
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portionai to the three terms/ the fioe of 
AC, the taogeDt of CB» and radius. 

Example. Let AC be 43*^, and CB 34^, 
to find the angle BAC. 

The iblution. — - — ( ^F ^^^ logarithnuc 
tables. Add 9.8289874, which is the lo- 
garithmic tangent of 34^ to la.ooooooQy 
which is the logarithm of radius ; and from 
the fum 19.8289874, fubtradk 9-8337833, 
which is the logarithmic fine of 43^, tbe 
remainder 9.9952041 is the logarkhmic 
tangent of the ^herlcal angle BAC, 44^ 
and about 41 minutes. 

(2) By the logarithmic fcales. Extend 
the compafies upon the line of fines froni 
the firft term 43^ to 90^, qr radius, the 
fame diftance (hall reach upon die line of 
tangents from the lecood term 34^, to 44"^ 
and near 41'. 

( 3 ) By the fedor. Make radius, that is^ 
the fine of 90^, or tangent of 45P, the pa-r 
rallel diilance of 43^ on the lines of fines j 
then the parallel tangent of 34^ ihall neac^ 
on one of the lines of tangents from the 
centre of the fedor to 44? 41', as by the 
former methods. 

Cor. 2. It the fide AC, and the adja-^ 
cent angle BAC^ be each pf them given, 

' '^ '/ '^ ' ■ the 
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the fide CB, oppofice to the angle, is 
found 5 becaufe its tangent is the- fourth 
proportional to the three termjs, radius, the 
tangent of the angle BAG, and the. fine of 
the given fide AC. In like manner, if the 
angle BAC, and the oppofite fide CB, be 
fcach of them, given, the fide AC, adjacent 
to the given angle, is found ; becaufe its 
fine is the fourth proportional to the three 
terms, the tangent of the angle BAC, ra- 
dius, and the tangent of CB. This laft 
tafe is arabigiious. The fame proportion^' 
apply to the two fides AC, Cfi, and the 
other angle ABC 

Cot. 3. Becaufe the fine of a fide AC 
Is to the tangent of the other fide CB^ as 
radius to the tangei^t of the angle jBAC 
oppofite to CB i and ihat radius is to the 
tangent of the angle BAC [def. 3. & 7, 
fed. I. I. & 4. 6.], as the cotangent of the 
angle BAC to radius-j the fine of AC is to 
the tangent of CB, as the cotangent of the 
angle BAC to radius; and therefore [16.6.] 
the redtangle contained by radius, and the 
fine of a fide AC, is equal to the reflangle 
contained by the tangent of the other fide 
CB, ^d the cotangent of the oppofite angle 
BAC. 

Z 2 PROP. 
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17. To reduce a right-angled fpherical tri- 
angle ABC to a right-angled plane tri^ 
angle ^ fo that the tangent of AB, the by- 
pothenufe of the fpberical triangle^ and the 
tangent of AC, any Jide of the fpherical 
triangle^ may contain the adjacent fpherical 
angle BAC. 

Let D be the centre of the fphere : joiti 
DA, DB, DC; from A, draw AK in the 
plane of the bypothenufe AB, at right 
angles to DA, meeting DB produced ia 
K 5 draw likewife AL, in the plane of the 
arc AC, at right angles to DA, meeting 
DC produced in L ; AK and AL [def. 3. 
fe£t. I. I.] are the tangents of the arcs AB^ 
AC, each of each : join KL. It is demon- 
ftrated in the fame manner as in the firfl: 
and third propoiitions^ that KL> the com- 
mon fedlion of the planes KAL and KDL^ 
is at right angles to the plane LDA ; there- 
fore ALK is a right angle, and the angle 
contained by AK and AL is [cjef. 6. 11. 6c 
art. 3* of this] the fpherical angle BAC ad- 
jacent to AC. Which was to be done. 

PROP. 






4 
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PROP. VI. THEOR, Fig. 4, 

l^*If the tangent of AB, the hypothenufe of 
a right-angled fpberical triangle ABC, 6e 
made radius^ the tangent ^ AC, either of 
the JideSy Jhall be the cojine of the adjacent 
fpherical angle B AC. 

Becaufe ALK [5. of this] is a right angle, 
if from the centre A, with the diftance AK, 
a circle be defcribed meeting AL produ- 
ced, the arc of this circle intercepted be« 
tween K an4 AL, fhall be the meafure of 
the angle KAL, and AL fhall be equal to 
the cofine of the fame angle KAL 5 that is 
[def. 6. 1 1. & art. 3. of this], of the fpheri- 
cal angle BAC. C^E, D. 

Cor. I. Hence, if the hypothenufe AB, 
and one fide AC of a right-angled fpherical 
triangle ABC, be each of them given, the 
fpherical angle BAC, adjacent to the given 
fide AC, is found ; becaufe its cofine is the 
fourth proportional to the three terms, the 
tangent of the hypothenufe AB, the tan- 
gent of the fide AC, and radius. 

Example. Let AB be 64^ AC 48% to 
find the fpherical angle BAC. 

The 



\ 
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Thefolution.-i-^ (i) By the logarith- 
mic tables. Add 10.0455626, which h the 
logarithmic tangdnt of 48^ to lo.ooooboo, 
* y^hich is the logarithm of radius s and fromi 
the fum 20.0455626, fobtradt 10.31 18 182,; 
which is the logarithmic tangent of 64^, 
the renfiainder 9 7337444 is the logarithmic 
cofine of the fpherical angle B/iC, 32° and 
near 48' ; wherefore the fpherical angte 
BAC itfelf is sy'^y and near iz'. . 
. (2) By the logarithmic fcales. Extend 
the compares upon the Tme of tangents 
[art. 26* fed. 3. r.] from 64^ to 48^5 the 
fame diftance (hall reach on the line of fines 
from 90°^, or radius to 32^, and 47 or 48 
minutes. 

(3) By the fe(5!or. Extend the compaflt 
es from the centre of the fedor to 48^ on 
one of the lines of tangents above 45^, 
marked tan. and make this a parailel di- 
ftance from 64^ to 64^ upon the fame 
lines ; then the parallel diftance of 45*^ on 
the fame lines alfo fhall [art. 33. fedt. 3.1.} 
be the fourth part of the fine of 32®, and 
the fame number of minutes as before. 

Cor. 2. If the hypothenufe AB, and am 
angle BAC, be each of them given, the 
fide AC, adjacent to the given angle, is 

found s 
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found } becauie its tangent is the fotirtb pro? 
portional to the three term^, radius, ^hp 
^oCific of the angle BAG, and the tangent 
of the hypothpnufe AB. And if an angle 
BAC, and the adjacent fide AC, be eact^ 
pi them given, the hypothenufe AB i$ 
found 'j becaufe its tangent is the fourth pro? 
poyrtional to the three terms, the cofine of 
the angle BAC, r;idiu8, and the tangent of 
the fide AC, 

Cor. 3. Becaufe the tangent of the hy^ 
pothenufe AB is to the tangent of • the fide 
AC, as radius to the cofine of the angle 
fiAC I alternately, the tangent of AB is to 
radius, as the tangent of AC to the cofint 
of the angle BAC: but the tangent of AB 
is to radius [def. 3. & 7. left. i. i. & 4. 6.}, 
as radius to the cotangent of AB 3 therefore 
radius is to the cotangent of AB, as the tan^^ 
gent of AC to the cofine of the angle BAC, 
and [16. 6.] the reftangle contained by ra- 
dius and the cofine of the angle BAC, is e- 
qual to the redtangle contained by the co-*^ 
fangent of AB^ and the tangenf of AC. 



prop; 
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PROP. VU, THEOR. Fig,^. 

ig* If the cofine of C A, the bypothnufe of m 
right-angled jpherical triangle AQB, bt 
made radius^ the cotangent of one of the 
adjacent angles BC A jhaU he the tangent 
of the other adjacent angle BAC« 

Let FAD be the complementjil fpherical 
triangle to ACB. Becaufe FAD is a fphe* 
rical triangle right-angled at D^ if the fine 
pf one of its fides AD be made radius, the 
tangent of the other fide DF [4. of this] 
A^all be the tangent of the oppofite fpherical 
angle DAF or BAG : but AD [art. 9.] is 
the coniplement of CA, and FD is the 
^ompleoient of the fpherical angle BCA ; 
ivherefore, if the cofine of CA be made 
jadiuSy the cotangent of the angle BCA 
fhali be th^ tangent of (h? angle BAC. 

q,e.d/ 

Cor. I. Hence, if the hypothenufe CA» 
and one apgle 3CA of a right-angled fpherica( 
triangle ACB, be each of them given^^ the 
other angle BAC is found ; becaufe its tan-^ 
gent is the fourth proportional to the three 
tf rms, the cofine of CA, the cotangent of 
the angle BCA, apd radiu^. 



/ 
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Example. Let the hypothenufe CA be 
42^ and the angle BCA 58°, to find the 
angle BAC. 

The folution. (r) By the logarith-i' 

niic tables. Add 9.7957892, which is the 
logarithmic cotangent of tho angle BCA, to 
10.0000000, v^hich is the, logarithm of ra- 
dius; and from the fum 19.7957892, fab- 
trad 9*8710735, which is the logarithmic 
cofine of CA j the remainder 9,9247157 is 
the logarithmic tangent of the angle BAC 

40 3- 

(2) By the logarithmic fcales. Extend 

the ODrnpajETes from the fine of the comple- 
ment of CA to radius ; the fame diftance 
ihall reach from the tangent of thecpmple- 
ment of the angle BCA to the tangent of 
the angle BAC. 

(3) By the fe(%or. Make the lateral di^ 
fiance of the cotangent of the angle BCA 
the parallel diftance of the cofine of CA ; 
then the parallel radius (hall be the. tangent 
of the angle BAC. 

Cor. 2. Likewife, if the hypothenufe 
CA, and the angle BAC, be each of them 
given, the angle BCA is found ; becaufe its 
cotangent is the fourth proportional to the 
three terms, radius, the tangent of BAC, 

A a and 
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and the cofinc of CA, or becaiifc ita tin- 
gent IS the fourth proportional to the three 
termSj thecofine of CA, the cotangent of 
BAC, and radius. If the two^angles BCA 
and BAC, adjacent to the bypothcnufe CA, 
be each of them given, the bypothcnufe it 
found ; becaufe its cofine is the fourth pro- 
portional to the throe terms, the tangent of 
the angle BAC, radius, and the cotangent 
of the other angle BCA* 

Cor. 3* And becaufe the cofinc of the 
hypothenufe CA, the cotangent of the angle 
BCA, radius, and the tangent of the other 
angle BAC, are proportionals ; and that the 
cotangent of any angle BAC is to radius 
[def. 3* d( 7. {c€t. I. I. & 4. 6.], as radius 
to the tangent of the (ame angle ;. the to* 
fine of the hypothenufe CA, the cotangent 
of the angle BCA, and radius, are prqx>r- 
tionals s therefore [i6. 6.] the redao|^e 
contained by radius, and the cofine of the 
hjrpothenufe C A, is equal to the redangle 
contained by the cotangents of the adjaoeni 
Wgles BCA, BAC, 



PHOI^. 




\ 



8e£t.}]I. TRtooNOA^sfKY. 187 



PROP. VIII. THE OR. Pig.2, 

to. Iffbe ctjrnt of BA, 0ie tftbe fidei of a 
right-imgkd fpl^ried triangle ACB, ie 
made radius, tin cofine (f the hypotbemfi 
CA Jhall bt tie cofine of tix other fde CB. 

Let FAD [art. 9«] be the complementdl 
fpherical triangle to ACB. Becaufe FAD 
t$ a fpherical triangle rtgbt-^angled at D^ if 
the fine of the hypothenufe AF be made 
rsidius, the fine of the fide AD (hall be 
[2. of this] the fine of the oppofiie fpberi* 
eal angle AFDt but AF ^art. 9.J is the 
complement of BA| AD is the comple-f> 
menf of CA, ^Kid the fpherical angle AFD 
19 the Complement of C6 i wherefore^ if 
the Gofine of BA be made radius^ the co^ 
fine of CA fiiall be th^ cofine of GE 
Q. E. D. 

Cor. 1. Hence if one fide BA, and the 
hypothenufe CA, of a right*-angled fpherical 
friangle ACB, be each of them givem, the 
other fide CB ts foond 1 becauie its cofine is 
the £onrth proporUGnal to the three jterm^ 
the cofine of BA, the cofine of CA, and 
iikiibs.- '''!:■ 
:- .':,o A a 2 Ex^ 
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Example. Let BA be 30® 40', and CA 
52' 30', to find CB. 

The folution (i) By the logjirith- 

mic tables. Add 97844471, which is the 
logarithmic cofinc of 52° 30' to 10.0000000, 
which is the logarithm of radius; and 
from the fqp} 19.7844471, fubtradl 
9-934i73^» the remainder 9.8498733 is 
the logarithmic cofineof CB 45* 3'; where' 
fore CB is 44** 57'. 

(2) By the logarithmic fcales. Extend 
the coinpaffcs upon the line of fines from 
59' 20', wbich is the complement of BA, 
to 37° 30'} the fame diftance (hall reach 
from 90" to the number of degrees which 
is the complement of CB. 

(3) By the feftor. Make the lateral di- 
ftance of the fine of 37* 30' the parallel di- 
ftance of the fine of 59? 20' ; then the pa- 
rallel radius, or 90°, ihall reach from the 
centre to the fine of the complement of 
CB. . 

Cor. 2. Likewife if BA . and BC, the 
two fides containing the, right angle of a 
fpherical triangle, be each of them given, 
the hypothcnufe CA is found j bccaufe its 
cofine is the fourth proportional to the three 
terms, radius, the cofine of BC, and the 

cofine 



cofine of BA : and if the hypothenufe CA> 
and the fide BC, be each of them ^ven, 
the fide BA is found in the fame mapner 
that CB waa found. 

Cor. 3. And becaufe the cofind of a fide 
BA, the c(^ne of the hypothenufe CA, ra- 
dius, and the cofine of the other fid? CB^ 
ar^: proportionals, the redkngle contained 
by radius, and the cofine of the hypothe-* 
nufe CA [i6» 6.], is equal to the rcdanglc 
contained by the cofines of the fides BA» 
BC« 



PROP. IX. THEOR. Fsg.2. 

ti. If the cofine of BA, one of the fides of a 
right-angled Ipberical triangle ACB, be 
made radius^ the cofine of the oppofite fphe^ 
rical angle BCA, y^// be the fne of the 

. other acute fpherical angle B AC, niohich is 
adjacent to BA. 

Let FAD be the complemcntal fpherical 
triangle to ACB. Becaufe FAD is a fphe- 
rical triangle right-angled at D, if the fine 
ci the-hypothenufe AF be made radiqs, the 
fine of the fide FD (hall [2. of this] be the 
fine of the oppofite fpherical angle FAD, or 

' BAG 



BAC [art. 3.} : but AF [art^p.] is the oDm-* 
plcment of BA| FD i$ the Gomplemenc of 
the fpb^rical angle BC A } wbereforci if the 
cofine of BA be made radius, the coGnt of 
the oppofite fpberical angle BCA (hall be 
the fine of the other acute fpherical aogic 
BAC. Q^E. D. * 

Cor. 1. Hence^ if one fide BA, and 
the oppofiee fpherical angle BCA of a 
right- angled fpherical triangle ACB, be 
each of thcni given, the other angle BAC 
is found 3 becaufe its fine is the fourth pro- 
portional to the three terms, the cofine oE 
of BA, the cofine of the angle.BCA, and 
radius. 

Example. Lee BA be 30^ 40', and the 
angle BCA 38% to find the angle BAC. 

The folutioo. ( 1 ) By the iogari^mic 

tablesb Add 9.8905026, which k the lo- 
garithmic cofine of 38^ to io.ooooooo» 
which is the logarithm of radius^; and 
from the fum 198905026, fubtradt 
9.9353204, the remainder 9.9551822 is 
the logarithmic fine of the angle BAC 
64^ 24'. 

(2) By the logarithmic fcale^» Extend 
the compaffes on the line of fines from 59* 
30' to 51**} the fame diftance (hall rcadi 

froiA 



firom 90^ to the nomber of degrees and tm^ 
Dutes of the angle BAG. 

(3) By the fcdor- Make the lateral di* 
ilance of tbc fine of 5 1 ^ the parallel diftance 
of the fine of $g^ 30' ; the parallel radius, 
or 90*, ftiall rca^h from the centre to the 
^e of BAG. This cafe is atnMgtious; 

Cor. 2. If one fide BA, and the adjo^ 
tent acute angle BAG of a right*-angled 
ipherical triangle ACB, be eadb of them 
given, the oppofite angle BOA is found; 
becaufe its cofine is the fourth proportiond 
to the three tcrnjs, radius, the fine of BAC, 
and the cofine of BA. In like manner, if 
two angles BAG, and BCA of a right- 
aftgled fphcrical triangle ACB, be each of 
them given, either of the fides B A is foundj 
bccaufe its cofine is the fourth proportional 
to the three terms, the fine of the adjacent 
angle BAG, radros, and the cofine of the 
oppofite angle BCA. 

Gor. 3. And becaufe th^ cofine of the 
)fidc BA, the cofine of the oppofite angle 
BCA, radius, and the fine of the adjacent 
angle BAG, are proportionals, the reftangle 
trotitained by radius^ and the cgfine of the 
angle BCA 1^16.6.3, is equal to the re^St- 

angle 
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angle contaiDed by the cofioe of BA and 
the fine of BAC* 

Of Napier s rules for folving the cafes of 
* right-angled fpherical triangles. 

22. By an accurate confideruion of the 
proportions by which the cafes of right- 
angled, fpherical triangles are fdved, the 
inventor of the logarithms invented alfo two 
fhort rules for folving -'the cafe$ of right* 
angled fpherical triangles, comprehending 
all the cafes that are deduced from the fore^ 
going propofitions. See Mirif l^ar. canon, 
(iefcriptio^ lib. z.' cap. 4. 

He obferved, that three of the five cir«- 
cular partS) viz. the complement of the hy<r 
pothenufe CA, fig. 2, the complement of 
each of the angles BAC, BCA, and each 
of thp fides BA> BC, or the equivalents 
of thefe five, occur in every cafe. Any 
one of thefe three parts he calls the 
intermediate or middle part, and the oiher 
two he calls the extremes. Thus, whea 
the complement of the hypothenufe CA is 
the middle part, the complements of the 
aagles BAC, BCAi are the ^ extreines j fo 
lilcewife are the fides BA| BC, and fo qq« 

ThQ 
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The extremes again he divides into fuch as 
are contiguous or adjacent, and fuch as are 
oppoiite, aut circumponuntur aut opponuntUr. 
For example, when the complement of the 
hypothenufe CA is the middle part, the 
complements of the angles BAG, BCA, 
are adjacent extremes : but the fides BA, 
BQ are oppofite extremes ; for the com- 
plements of the angles BAC, BCA, are 
confidered as contiguous to the complement 
of the hypothenufe CA, and as it were fe« 
parating it from the fides ; for which reafon 
the fides are in this cafe called oppofite ex^ 
tremes. In like manner, when the com- 
plement of the angle BAC is the middle 
part, the complement of the hypothenufe 
CA, and the fide BA, are adjacent exr 
tremes i but the complement of the angle 
BCA, and the fide BC, are oppofite ex* 
tremes. So likewife, when the fide BA is 
the middle part, the complement of the 
angle BAC, and the fide BC, are adjacent 
extremes 5 but the complecnent of the' hy- 
pothenufe CAs and the complement of the 
angle BCA, are oppofite extremes. The 
adjacent and oppofite .extremes are diftiij- 
guiihed in the fame manner^ when the 

B b com-* 
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coQiplcmeht of the angle BGA| and the 
fide BC, are middle parts. 



RULE L 

2^. The rcdtangle contained by radios, 
and the fine of the middle part, is equal to 
the rcdingle contained by the cofines <rf 
the oppofite extremes. Fig. 2, 

(1) When the complement of tBfe hy-. 
pothenufe CA is the middle part, the fidcS 
BA and BC arc [art. 22.] oppofite cxtrethcs • 
and [cor. 3. 8. of this] the redahgle con^ 
tained by radius and the cofine of GA is e^ 
qual to the redangle contained by tTie a> 
fines of the fides BA, BC. 

(2) When the complement of ah angle 
PCA is the middle part, the complement 
of the angle BAG, and the fide BA, are 
oppofite extremes; and [cor. 3. 9. of this] 
the redangle contained by radius and the 
cofine of BGA, is equal to the re<ftangle con- 
tained by the cofine 6f BA, and the fine of 
BAG, which is the cofine of the comple- 
nSent of BAG. 

^'(3) When a fide BC is the middle part^ 

the epmpl?m?nt of the bypotbenufc GA, 

an4 
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and the complemisnt of the angle B AC, ar^p 
oppoiite extrebies i and [cor* 4. 2. of this] 
l^e rfidangle contained by radius and the 
fine of a fide BC, is equal to the rediangle 
contained by t^e &i\t of the hypothenufe 
G A, and the fine of the angle B AQ oppo- 
iite to the |ide BC $ but the hypothenufe 
QAf and the angle BAC^ are the comple- 
ments of their complenaents* in like man^ 
ner^ the rule is den^^onflrated, when the 
complement of die angle BAG, and the 
fiide BA, are middle parts. 

Hence [14. 6.] a fide of the firft tc&* 
M^e is to a fide of the fecond, as the re- 
maining fide of the fecond to the remaining 
£de of die firft. 



RULE IL 

24. The redangle contained by radius 
and the fine of the middle part, is equal to 
the redangle contained by the tangents of 
the adjacent extremes. Fig. 2. 

( i) When the complement of the hypo- 
thenufe GA is the middle part, the com- 
piomeats of the angles BAG and BGA are 
[art. 22.] the adjacent extremes j and [cor. 

B b 2 3. 
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3, 7.' of this] the redlangle contained by ra-* 
dius, and the cofine ot the hypothenufe 
CA, i& equal lo the redangle contained by. 
the cotangents of the angles BAG, BCA, 

(2) When the complement of an angle 
BCA is the middle part, the complement 
of the hypothenufe CA, and the fide BC» 
are the adjacent extremes; and [cor. 3. 6. 
of this] the redtangle contained by radius, 
and the cofine of the angle BCA^ is equal 
to the redangle contained by the cotangent 
of the hypothenufe CA and the tangent of 
the fide BC. 

(3) When a fide BC is the middle part, . 
the complement of the angle BCA, and 
the other fide B A, are . the adjacent ex- 
tremes ; and [cor. 3. 4. of this] the redangle 
contained by radius, and the fine of the fide 
BC, is equal to the redangle contained by 
the cotangent of the angle BCA, and the 
tangent of the other fide BA. In like man- 
ner, the rule is demonftrated, when the 
complement of the angle BAC, and the 
fide BA, arc middle parts. 

Hence [14. 6.] a fide of the firft red- 
angle is to a fide of the fecond, as the re- 
maining fide of the. fecond to the remain- 
ing fide of the firft. 

Of 
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Of, the number of cafes in the folutiom of 
right-angled fpherical triangles. , 

25. The parts of a right-angled fpherical 
triangle ACB, fig. 2. that are confidered in 
trigonometry, are five in number, as in a 
right-angled plane triangle, viz. the hypo^ 
thenufe, two fides, and two angles: and 
two of thefe fiv.e parts muft be given in or- 
der to find the thirxi 5 becaufe radius is one 
of the terms of the four proportionals by 
which any cafe is folved. Like wile the 
number of poflible combinations of three 
parts of the five, and oi two parts of thefe 
three parts with the third, is the fame as in 
a right-angled plane triangle [art. 7. Icdl. 4. 
I.]. There are more cafes, however, in 
the folutions of right-angled fpherical tri- 
angles, than in right-angled plane triangles : 
for becaufe the three angles of a fpherical 
triangle are together [art. 3. of this] greater 
than two right angles, each angle of a right- 
angled fpherical triangle muft be found fe- 
parately. All the general cafes of right- 
angled fpherical triangles that are deduced 
from the foregoing propofitions, viz. the 
2d, 4th, 6th, 7th, 8th, and pth", are eigh- 
teen; namely, three cafes from each of 

thefe 
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thefe propofitions. Two of thefe eighteen 
cafes are unneceffary, viz. the cafe in cor. 
1.7. is the fame general cafe with the firft 
cafe in cor. 2. 7.; becaufe, combining the 
hypothenufe CA with one angle BCA, ii| 
order to find the other angle BAC, is the 
fame general cafe with combining the hy- 
podienufe CA with this laft angle in order 
to find the ficft : and the cafe in cor. i. 8. 
is the fame general cafe with thp laft cafe in 
cor. 2. 8.; becaufe, combining the hypo- 
thenufe CA with one fide BA, in order tp 
find the other (ide BC» is the fame general 
cafe with combining the hypothenule CA 
with this laft fide, in order to find the firft. 
The cafes of right-angled fpherical triangles 
are therefore fixteen. The fame ixumber 
of cafes are deduced from Lord Napier's 
two rules ; which rules are commonly ufed 
in pradice by fuch as are acquainted witl^ 
them, as they are eafily remembered. The 
fixteen cales of right- angled ipherical tri- 
angles are fet down in the following table ; 
and in the column of the proportionals, re- 
ferences are made to Napier's rules, as well 
as to the propofitions. 

In folving the cafes of right-angled fphe- 
rical triangles by the rules, the learner will 

obfervc 
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obferve, ihit the given fide of the I'edangle 
whofc fide is fodgfat, Js the firft term of the 
proportionals ; and that cither fide of the 
other redanglc [i6. 5.] may be the fecorid 



leffn. 



Solutions tf the cafes of right-angled fpherical 
triangles. Plate 7. fg. 2. 



I Given. | Sought. | 



Propbrtionals. 



I The hypoth.lfTheoppo 
X . W CA, and a U fi? e angle 
J^fideBA. JIBCA. 



The fine of CA is to the fine of 
BA, as radius to the fine of BCA 
[cor. I, a. of this, or fulc i. BA 
.being middle part.] 



[The hypoth.^ [The oppo- 
», WCA, and an Ufite fide 
[angle BCA. JIba. 



>S 



A fide BA, 
\ and the op- 
^•flpofite angle 
BCA. 



The hyp. 
CA. 



'Radius is to the fine of BCA, as 
the fine of CA to the fine of BA, 
|_cor. a. a, of this, or rule x. BA 
.being middle part.] 

n il ' ' III* 

The fine of the angle BCA is to 
radius, as tht fine of BA to the 
fine of CA, [cor. 3. a. of this, or 
rule I. BA being middle part]. 
This cafe is ambiguous. 



1, 



Two fides 
BC, BA. 



>^ 



An angle 
BCA. 



rA fide BC, 1 
[and the adja- 
cent angle 
lBCA. 



1 



1 



An angle 
BCA, and the 
oppdfitb fide 
BA. ' 



J 



The fiiie of BC is to the tangent 
of BA, as radius to the tangent 
of BCA, [cor. I. 4. of this, or 
rule a. BC being middle part.] 

' "I f Radius is to the tangent of BCA, 

The other Has the fine of CB to the tangent 
fide BA. p. of BA, [cor. a. 4. of this, or rule 
J U. BC being middle part.] 

1 pThe tangent of BCA is to radius. 
The other' 1^® ^^^ tangent of BA to the tan- 
fide BC p^^"^^ ^^ ^C, I cor. a. 4. of thia, 
or rule .a. BC being middle part], 

J IThis cafe is ambiguous. 



[The hypoth 



5r. HCA, and a -^cent angle V 



fideBC, 
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The adja- I 
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BCA. 
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The tangent of CA is to the ta^i- 
gent of BC, as radius to the co- 
nfine of BCA, [cor. I. 6. of thisi 
or t ule a. the complement Of BCA 
.Veing middle part.] 
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Proportionalfl* 
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The hypoth. 



CA, and an ^ cent fide 
I angle BCA. 



f' 



The adia- 



inc. 



fRadius is to the cofioe of BCA» 

JJis the tangent of CA to the tan- 
^nt of BC, [cor. %.6, of this, 
I or rule a. the complement of BCA 
[being middle part."] 




1 The hyPoth.| L|,e oti^er 

ji ji 



The cofine of BCA is to radius, 
as the tangent of BC to the tan- 

>{gent of CA, [cor. i. 6. of this, 
or rule a. the complement of 

l^CA being middle part.] 

p^'he cofine of CA is to the co- 
I tangent of BCA, as radius to the 
.^tangent of BAC, [cor. i. 7. of 
I this, or rule 2. the complement 
lof CA being middle parLj 



II 



The two 
jangles BCA, 
BAC. 



I fThe tangent of BAC is to radius, 
— , . 1 1 35 the cotangent of BCA to the 
ihc nyp. ^^jog„^ ^f cA^ [-^jor. ». 7. of this, 

I I or rule 2. the complement of CA 
J (.being middle part.l 



CA. 



XI 



A fide BA, 
>{and the hyp. 



IThe cofine of BA is to the cofine 
of CA, as radius to the cofine of 
' "^ -""• WBC, [cor. I. 8. of this, or rule i. 
iide uc. l^jjj^ complement of CA being 

i j (.middle part.3 
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UTwo fides 
I BA, BC. 

I 



1 
t 

J 



The hyp. 
CA. 



1 rRadius is to the cofine of BC, as 
I [the cofine of BA to the cofine of 

KCA, [cor. «. 8. of this, or ruler, 
the complement of CA being 
J Imiddle part.] 



1 
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I A fide BA, 
(jand theop- 
'^fioofiteangle 



I The other 
angle BAC 



The cofine of BA is to the cofine 
of BCA, as radius to the fine 
of BAC, [cor. I. 9. of this, or 
rule I. the complement of BCA 
being middle part]. This cale is 
ambiguous. 
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AfideBA, ]f 

and the adja- MThe other 

cent angle [1 angle BCA 
R A r« j j 



BAC. 



fRadius is to the fine of BAC, as 
I the cofine of BA to the cofine of 
^ BCA, [cor. ». 9. of this, or rule 

I. the complement of BCA being 

middle part,] 
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1 fThe fine of BAC is to radius, as 



I (The two I j the cofine of BCA -to the cofine 



l6Haneles BAC, i^'A fidcBA.«of BA, [cor.a. 9. of this, or rule 
j BCA. 11 j |i. the complement of the angle 



it 



j IBCA bebg middle part,] 
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Of Mique-angled fpherical trmngks. Fig. 5. 

< 

26. If each of the angles ACB, ABC, 
which arc at the bafe of an oblique-angled 
fpherical triangle BAG, be either obtufe or 
acQte, the arc of a great circle AN, defcri- 
bed through the other angular point A, at 
xight angles to the bafe^ fliall be within the 
triangle BAG. But if one of the angles 
AGD, at the bafe of the triangle CAD, be 
acute, and the other angle ADC at the bafe 
obtufe, the perpendicular AN fhall be with- 
out the triangle GAD [art. 5.], 

27. If each of the angles ADB, DBA, 
and, DAB, of a fpherfcal triangle BAD, be 
acute, each of the fides AB, At)> and DB, 
fhall be lefs jchan a quadrant,, and e contra 
[art. 6,] : and therefore, if one fi^lc of an 
oblique-angled fpherical triangle be greater 
than a quadrant, the oppofite angle (hail be 
obtufe 5 if each of two angles be obtufe, 
and the third apute, each of the fides oppo- 
fite to the obtufe angles fhall be greater 
than a quadrant, and the fide oppofite to 
the. acute angle fhall be* lefs than a qua- 
drant, i, 

28. if each of the fides AC, AB, and 

G c CB, 
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CB» of a fpherical triangle BAG, be great*- 
er than a quadrant ; or if each of two fides 
be greater than a quadrant, and if the third 
fide be a quadrant, each of the angles (hall I 

be obtufe [art. 5. & 6.} : and if each of twd 
fides of an oblique-angled fpherical triangle 
be lefs than a quadrant, but the third fide 
greater than a quadrant, the angle oppofite 
to the greater fide Oiall be 6btufe, and each 
of the other angles (hall be acute. 

I 

i 

PROP. X. THEOR. Fig.S' \ 

^9. 'the Jinei of any ttco fides AC, AB, of 
any fpherical triangle B AC, are to one an- 
other ^ as the fines of the an^s ABC, 
ACB, oppofite to theje fides » that is^ the 
fine of hC is to the fine of AB, as the fine 
of the angle ABC to the fine of the angle 
ACB. 

Through A, defcribe an afc of a great 
circle at right angles to the bafe CB, mcet> • 
ing it in N. Becaufe [cor. i. 2. of this] the 
fine of AC is to the fine of AN, as radiua 
to the fine of the angle ACN, the reft- ' 
angle contained by the fine pf AC, and the 
fine of t|ic angle ACN [i6. 6.], is equal to 

the 



i 
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tbcrcflanglc conttincd by radius 4nd ihc 
fine of AN. For the fame rcafon, thc^ 
redlangle contained by the fine of AB, and 
the fine of the angle ABN, is equal to the 
reiStangle contained by radius and the fine, 
of AN I therefore, the re<5langle contained 
by the fine of AC, and the fine of the 
angle ACN» is equal to the rectangle con- 
tained by the fine of AB, and the fine of 
the angle ABN j therefore [14.. 6.] the fine 
of AC is to the fine of AB, as the fine of 
ABC to the fine of ACB. Q^E- D. 

The propofition is manifeft likewife whea 
the perpendicular arc AN falls without the 
triangle DAC; becaufe the arc AD is equal 
to the arc AB| and the angle ABO to the 
angle ADB ; and. likewife, that the fine of 
the angle ADC [art. 3. of this, and def. 2. 
fe<3. 1. !•] is equal to the fine of ADS. 

Cor. I. Hence, if two, fides AC, AB, and 
^n angle ABC oppofite to one of them, be 
each of them given, the angle ACB op- 
pofite to the pther is found ; becaufe its 
fine is the fourth proportional to the three 
terois, the fine of AC, the fine of AB, and 
the fine of the othtr angle ABC. 

Example. Let AC be 54^ AB 38% ^ 
the angle ABC 47^ to find^e angl^ AQBi^ 

C c 2 The 
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The folution. (i) By the logarithm 

mic tables. Add 9.7893420, which is th^ 
logarithmic fine of AB 38*", to 9.8641275, 
which is the logarithmic fine of the angle 
ABC 47° J and from the fum 19-6534695, 
fubtraift 9.9079576,' which is the logarith- 
mic fine of AC 54*^ 5 the remainder 
9,7455119 is the logarithmic , fine of the 
angle ACB, 33° and between 49 and 5a 
minutes. 

(2) By the logarithmic fcale. Extend 
the compafles on the line of fines from 54^ 
to 38® 5 the fame diftance (hall reach from 
47^ to the number of. degrees and minutes 
df the angle ACB. 

(3) By the fedor. Make the lateral fine 
of the fccond term 38^, the parallel fine 
of the firft term '54^; then the parallel fine 
of the third term 47^ (hall be the lateral 
line of the fourth term, viz. the fine of 
the angle ACB. The angle ABiC is found 
the fame way, if the fides and the angle 
ACB be each of them given, 

Cor, 2. If two angles ABC, ACB, and 
a fide AC, be each of them given, the o- 
ther fide AB is found ;• becaufe its fine is 
the fourth proportional to the three terms, 
|he fine of the angle ABG, the fine of the 
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angle ACB| and the fine of the fide AC. 
In like inanner, if each of the angles ABC, 
ACB, and a fide AB, be given, the other 
fide AC is- found. 



PROP. XI. THEOR. %. 5. 

« 

30. TChe fame conJiruStion being made as in 
the preceding propojition^ the cofines of the 

, Jides AC, AB, are to one another as the 
cojines of the arcs CN, BN, into which 

' the bhfe is divided by the perpendicular arc 
AN ; that is, the cofine of AC is to the 
cojine of AB, as the cofine of CN to the 
cofine of BN. 

i Bccaufe' [cor. r. 8; of this] the cofine of 
AN is to the cofine of AC, as radiiis to the 
cofine of CNj alternately, the cofine of 
AN is to radius^ as the cofine of AC to the 
cofine of CN. For the fame reafon, the 
cofine of AN is to radius, as th6 cofine of 
AB to the cofiiic of BNV therefore [i i. 5.] 
the cofine of AC is to the cofine of CN, 
as the cofine of AB' to the cofine of BN: 
alternately, the cofine of AC is to the co» 
fine of ABi as the cofine of CN to the co- 
an?of BN. C^E.D, 

Cor, 



r 
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Cor. I. Let AC be 54*, AB 38*^, and 
die arc CN 52^, to find the other arc BN*. 

The folution. ( i ) By the logarkb* 

mic tables. Add 9-7893420, which is the 
logarithmic cofine of CN 52^, to 9.896532 r, 
which is the logarithmic cofine of AB 38^^ 
^ and from the Turn i9.685874i> fubtraift 
9*7692187; the remainder 9*9166554 is 
die logarithmic cofine of BN, 34^ and a- 
bout 23 minutes* 

(2) By the logarithmic fcales. Extend 
the compafies on the line of fines from 36% 
which is the complement of the firft tcroi 
AC, to 52^, which is the complement of 
the fecond term AB ; the fame diftance 
fhall reach from 38^, which is the comple- 
ment of the third term jCN, to ^s^ 37', 
viz. the complement of BN. 

(3) By the fedor. Make the later^ fine 
of 52^ the parallel fine of 36^ ; then the 
parallel fine of 38^ ihall be the lateral co- 
fine of CN. 

Cor. 2. If the two arcs CN, BN, into 
which the bafe BC is divided by the per- 
pendicular AN, and a fide AC, be each of 
them given, the other fide AB is found § 
becaufe its cofine is the fourth proportionsd 

to 
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to the diree terciis, ^e cofine of CN» tho 
cofine of BN» and the cofine of AC. 



PROP. XIL THEOR. Fig. s^ 

^i. ^Tbe cofinesof the angks ACB, ABC, at 
the bafe ef any ^herical triable ^ are u 
cne another as the fines if the angles CAN, 
BAN, into wbUb the angle BAC, at tie 
vertex^ is divided by the perpen£cular arc 
AN ; that is^ the cofine of ACB is to the 
cofine of ABC» as the fine of CAN to tie 
fine'ofBAN. 

Becaufe [cor. i. 9. of this] the cofine of 
AN is to the cofine of die angle ACN, a^ 
radius to the fine of the angle CAN ; aket^ 
tiately, the cofine of AN is to radibs,' as 
the cofine of ACN to the fine of CAN. 
For the fame reafon, the cofine of AN is to 
radius, as the cofine of ABN to the fine of 
BAN ; therefore [ 1 1 . 5.] the cofine of ACN 
ia to the fine of CAN, as the cofine of ABN 
to the fine of BAN ; alternately, the co- 
fine of ACN is to the cofine of ABN, as 
the fine of CAN to the fine of BAN. 

q.Ld. 

Cor. I. Let the angle ACB be 42% the 

angle 
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angle ABC 49*^, and die angle CAN 54% 
to find BAN^ the reoiaining part of the 
angle BAC. 

The folution.— — (i) By the logarith- 
mic tables. Add 9.81 6942 9, vvhich is the 
logarithmic cofine of the angle ABC 49^^ 
to 9.9079576, which is the logarithmic 
fine pf CAN 54° ; and from the fum 
19.7249005 fubtraft 9.8710735, which ^ 
is the logarithmic cofine of ACB 42^ ; the 
remainder 9.8538270 is the logarithmic 
fine of the angle BAN 45* 35'. 

(2) By the logarithmic fcales* Extend 
the compafTes on the line of fines from the 
cofine of ACB to the. cofine .of AfiC s the 
fame dif^ance (hall reach from the fine of 
CAN to the fine of BAN. 

(3) By the fcSor. Make ^he lateral co- 
finp of ABC the parallel cofine of ACB; 
then the parallel fine of CAN fhall be the 
lateral fine pf BAN. 

Cor. .2. If each of the angles CAN, 
BAN, iqto which the. angle at the vertex 
is divided by the perpendicular AN, and 
ACB, one of the angles at the bafe, be gir 
ven, the other angle ABC at the bafe is 
found ; becaufe its cofine is the fourth pro- 
portional to the three terms^ the fine of 

CAN", 
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CAN) the fine of BAN, and the cofine of 
ACB; 



• / 



32. The tangents of the angles ACB, ABC^ 
at the bafe of an^ fphettcal triangle ^ are 
io one another • reciprocally y as the firies of 
the arcs GN, BN, adjacent to thefe angles 
into which thi bdfe is diniided by the per^ 
pendicular arc AN j that isy the tangent of 
the angle ACB is to the tangent of the angle 
ABC, as the fine of BxN tb the fine ofCK. 

Bccaufe [cor* i* 4* of this] the fine of 
CN is to the tangent of AN, as radius to 
the tangent of ACN, the reftangle con- 
tained by radius, and the tangent of AN 
[16. 6.], rs equal to the rectangle contain*^ 
cd by the fine of CN, and the tangent of 
ACN. For the fame reafon, the redangle 
contained by radius, and the tangent of 
AN, is equal tb the rectangle contained by 
the fine of BN, and thd tangent of ABN > 
therefore the i'edangle contained by the fine 
of CN, and the tartgertt of ACN, is eqqal 
to the redangle contained by the fine of 
BN, and the tangent of ABN ; and thenc- 

D d f^re 
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fore [i4« 6»] the tangetit of ACN is to tfa^ 
tangent of ABN, as the fine of BN to the 
fine of CN. Q. E. D- 

Cor. I. Let the angle ACB be 42°, the 
angle ABC 49^, and the arc BN 34^ 23^^ 
to find the arc CN. 

The iblutiom ( i ) By the logarith- 
mic tables. Add 9-7 S^^i^S^ which is the 
logarithmic fine of BN 34° 23', to 
10.0608369, which is the logarithmic 
tangent of the angle ABC 49^ i and from 
the fum 19.8126754 fubtra^ 9*95443i74» 
which is the logarithmic tangent of the 
angle ACB 42^ ; the remainder 9.8582380 
h ^e logarithmic fine of the arc CN» 46^ 
and near 11 minutes* 

(2) By the logarithmic fcales. Becaiii^ 
the aagle ACB 42^ is leis than 45^ and 
that the angle ABC 49° is greater than 45% 
the dt{|ance between 42^ and 49^, upon 
the icale of logarithmic, tangents [art. z6^ 
fed. 3. I.], is equal to the diftance between 
42® and 49®, together with twice tb? dir 
iftaoce between 42^ and 45° ; therefore ex^ 
tend the compai^ from 45^ to 49^ ; aod 
ohierve the point to which thi^ diftahce 
reaches froqi 42^ towards the beginning of 
the fcalp > the diftance betveea this point 

and 
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and 45^ (hall reach upon the line of fines 
from 34® 23' to, the number of degrees and 
minutes fougjit, 46^ 11'. See cor. !• 5. 
ieft. 4. i. 

(3) By ^he fe(5ton Take the tangent of 
49® from the centre of the fe^or upon one 
of the lines of tangents above 45^, and 
make it the parallel tangent of 42^ 5 then 
the parallel fiite of 34^ 23' (hall be the 
fourth part of thfe fiiie of the number of 
degrees and minutes fought [art. 33. fed. 

Cor. 2. If each of the arcs CN, BN, 
and ABC^ one of the angles at the bafe be 
given, the othisr angle ACB at the ba^ is 
found > becaufe its tangent is the fouf th 
proportional ta the three terms, the fine of 
CN, the fine of BN, and the tangent of 
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PROP. XIV. THEOR. Fig. 5. 

33. The tdfigenU of the Jides AC, AB, ofa-^ 
ny Jpberical triangle^ are to one another re^ 
ciprocally^ as the cofines of the angles CM^^ 
BAN, adjacent to tbefe fides into "which the 
angle B AC ts divided by the perpendicular 
arc AN ; that is, the tangent of AC is to 
the tangent of AB, as the cofine of the angle 
BAN to the cofine of the arigk CAN. 

Bccaufe [cor. i. 6. of this] the tangent of 
AC is to the tangent of AN, as radius to 
the cofine of the angle CAN, the redlangle 
contained by radius, and the tangent of 
AN [16. 6.], is equal to the rectangle con- 
tained by the tangent of AC, and the co-^ 
fine of CAN. For the fame reafon, the 
redtangle contained by radius, and the tan- 
gent of AN, is equal to the reSangle con- 
tained by the tangent of AB, and the co- 
fine of B ^. N 5 therefore the redangle con-» 
tained by the tangent of AC, and the co- 
fine of CAN, is equal to the reflangle con-t 
tained by the tangent of AB, and the co- 
fine of BAN ; and therefore [14.6.] the 
tangent of AC is to the tangent of AB, as 

th<? 
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the cofiiie of BAN to the cofinc of CAN. 

Q. p.D: 

Cor. I. Let AC be 62^ AB 48^ and 
the angle BAN 37^, to find the angle 
CAN. 

The folution. (i) By the logarith- 

mic tables. Add 9.9023486, which is the 
logarithmic cofine of the angle BAN, to 
10.0455626, whieh is the logarithmic tan- 
gent of AB J and from the fum 1 9 .9479 1 1 2 
fubtradl 10.2743256, which is the loga- 
rithmic tangent of AC $ the remainder 
9.6735856 is the logarithmic cofine of 
CAN, which is therefore 61^, and about 
52 minutes. 

(2) By the logarithmic fcales. Extend 
the compafles on the line of tangents from 
the tangent of 62^ to the tangent of 48^ i 
the fame diftance {hall reach on the line of 
fines from the cofine of BAN to the cofine 
of CAN- 

(3) By the fedlior. Make the lateral co- 
fine of the angle BAN 37^, viz. the fine 
<^ 53^ the parallel tangent of 62^ ; then the 
parallel tangent of 48^ (hdll be the lateral 
cofine of CAN* 

Cor. 2. If each of the angles CAN, 
3AN9 into which the angle at the vertex 

BAC 
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B/VC is divided by the pAtpindle^^ Art: 
AN, and one fide AB, be given, the olhtt 
fide AC is found ; becabfe its (angent k the 
fourth proportional to the three tefms^ the 
cofine of CAN, the cofinc of BAN^ aad 
the tangent of AB, 

PROP. XV. THEOR. P/>. 5. 

34. The tangent of balf the hafe BC^ ^f Of^ 
fpberical triangk BAC, is (0 the tifUgeni 
qf half the fum df the t^tM fidei AV and 
AB, as the tat^mt of half the differettce 
of the fides to^ the tattgent tf half the dif- 
ference of the arcs CN, BN, into which 
the hafe is divided by the arc AN, 'whicb 
is defcribed through 4he aftguktr point A, 
at right angles to the bdfe BC. 



Let CG be the docHHon ie^iioa of 
planes in which are the arcs CA, CB 5 CG 
ia [ 1 1 * I • Theod.} t dianaeter of th€ fphere, 
Fronsi the po)fe A, v^ith the diAanoe AB, 
the lefier^ ef the two fide^ defcribje a cit* 
cle meeting CB in D;^ aad CAin F^ Ej 
CE is equal to the fum of the twa fides 
AC, A^ and CF is 'their difforeoce* 
iifkewiiea bec$|4i^ A is: the^^^ of the ^- 
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de EffiE, AB [drf. 5. i. Thcod. & a8. 3.3b 
equal to AD ; therefore [art. 4« of this] BN is 
equal to DN, and CD is the difference of 
CN, BN. Let a plane touch the fpfaere in 
the point C 5 and from G, draw a ftraight 
line through each of the pdnts E, B, D, F, 
meeting this plane in K, H, L, M ; the 
three points C, L, H, gre [art. 6. per.] in 
H ftraight line ; fo are likewife the three 
points C, M, K5 and becaufe CG [4. i* 
Theod.] is at right angles to the plane 
touching the fphere in C,. each of the 
angles GCH, QCK [def. 3. 11.}, is a right 
angle ; wherefore, if G be made the cen- 
tre, and GC radius, CH (hall be the tan- 
gent of the angle CGH, CK fliall be the 
tangent of the angle CGK, CM (hall be 
the tangent of the angle CGM, and CL 
(hall be the tangent of the angle CGL, But 
thefe angles are each of them [20. 3.] the 
halves of the angles at the centre of the 
fphere, whofe measures are the arcs CB, 
CE, CF, CD ; therefore CH is the tan^ 
gent of the half of CB, CK is the tangent ' 
of the half of CE, CM is the tangent of 
the half of CF, and CL is the tangent of 
the half of CIX And becaufe the points 
Bi E^ F9 D^ are in the circumference of a 

circle 
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circle which is in the fupcrficies of the 
fpherc, the points H, K, M, : Lj arc [cor^ 
2. 4. fed. 2. 2.] in the circumference of a 
circle which is in the plane that touches the 
fpherc in the point C j therefore [cor. 36. 3.] 
the redangle HCL is equal to the redangle 
KCMj and [14.. 6.] CH is to CK, as CM 
to CL ) that is, the tangent of half the bafe 
is to the tangent of half the fum of the two 
fides, as the tangent of half the difference 
of the fides to the tangent of half the dif^ 
ferencc of the arcs into which the bafe is 
divided by the perpendicular arc AN. 
Q. E. D. 

Cor, Herjce, if each of the three fides 
of any Ipberical triangle BAC be given, 
the angles ^re each of them found. 

Let the bl^le CB be 70^, the fide AC 54^, 
and the fide AB 32®, to find an angle ACB* 
The arcs Ct^i BN, into which the bafe is 
divided by the perpendicular arc AN, arc 
each of them found as follows, by this pro^ 
pofition* The half of the baie is 35^,. the 
* half of the (um of the two fides is 43^, and 
the half of the difference of the fides is 

(i) By the logarithmic tables. Add! 
9.2886523, which is the logarithmic tanf 

gent 



I 
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gent of 11^ to 99696559, which is the 
logarithmic tangent of 43° ; and from the 
fum 19.2583082 fubtrad 9.8452268, which 
is the logarithmic tangent of 35^; the re- 
mainder 9.4130814 is the logarithmic tan- 
gent of half the difference of the arcs CN, 
3N, 14^ and between 30 and 31 mi- 
nutes. 

(2) By the logarithmic fcales. Extend 
the compaiTes on the line of tangents from 
the tangent of 35^ to the tangent of 43®; 
the fame diftance (hall reach from the tan- 

« 

gent of 1 1° to the tangent of 14^ and 30 
or 31 minutes. 

(3) By the fedor. Make the lateral tan- 
gent of 43*^ the parallel tangent of 35^; then 
the parallel tangent of 1 1^ (hall be the lateral 
tangent of 14**, and 30 or 31 minutes. 

To the half of the bafe CB, viz. 35^, 
add 14^ 30^ which is half the difference of 
the arc CN> BN j and the fum 49® jo' 
ihall be the greater arc CN ; wherefore the 
ether arc BN is 20** 30^ And becaufe AC, 
the hypothenufe of the right-angled fpheri- 
cal triangle CAN, and a fide CN, are each 
of them given, the angle ACN is found by 
cafe 7. of right-angled ' fpherical triangles, 
Jn like manner^ the angle ABN is found ; 
then the angle at the vertex BAC is found, 

£ e either 
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cither by finding the angles CAN, BAN» 
feparately , by cafe i . of right-angled fphe* 
rical triangles, and adding them into one 
fum, or by cor. i • lo. of this, 

PROP. XVI. PROB. Fig. 6. 

35. To reduce anj fpberical trtangk ABC to 
another fpberical triangle DEF, fo that 
each of the fides of the triangle DEF JhaU 
he equal to the meafure of each of the angles 
of the triangle ABC, (or of the angles ad-- 
jacent fo tbeniy if any of them be ohtufe) 5 
and that the meajure of each of the angles 
oj the triangle UEF Jkall be equal to each 
of the fides of the triangle ABC, or to the 
excefs of a Jemi circle above any oJ the fides 

of ABC, which is greater than a quadrant ^ 

« 

. Complete the circle ABKQ^[25. 3.], and 
produce the arcs BC and AC, till they nieee 
ABKQ^ again in S and R. From the pole 
A, at a quadrant's diftance AG, defcribe 
the circle GMQ, meeting AR in M ; and 
from the pole B, at a quadrant^s diftance 
BK, defcribe the circle KDP, meeting 
GMQ^ in D. Laftly, from the pole C, ^at 
a quadrant's diftance CH, defcribe DHL, 
meeting AMR in L. Thefe are all great 
circles [i6. 1. Theod.]. Becaufe ABK(^ 

paftet 
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pafles through the pole of GMQ» the pole 
of ABK(^[i3. I- Theod.J U inGMQ. For 
the fame realbn, the pole of ABKQ^ is in- 
KDP I therefore it is the point D where 
they meet ; and each of the arcs DO, DK| 
DQ, DP, is a quadrant : and becaufe ACD 
pafles through the pole of each of the cir-^ 
cles GMQ,, LFO, the pole of ACL is the 
point F where they meet ; therefore each 
of the arcs FM. FL, is a quadrant : there-* 
fore FlM is equal to DG ; and if the com** 
mon part DM^ be taken from both, the re-< 
mainder DF £hall be equal to the remainder 
MG : but MG is [art. 3. of this] the mca- 
furc of the angle BAG ; therefore DF is e-^i 
qual to the mealure of the angle BAG* 
And becaule JBC3 paiTes through the pole 
of each of the circles KEP, LEO, the pole 
of BCS is the point £ where they meet; 
therefore each of the arcs EN, EH, is a 
quadrant, and EH is equal to FL; there- 
fore £F is equal to HL : but HL is th<( 
meafure of the angle HCL, or. pf the ycrti-. 
cal angle BCA i therefore EF is equal to the 
meafure oi the angle BCA. And becaufe 
£N and DK are each of them quadrants,* 
£D is equal to NK : but NK is the mea<p 
fure of the angle NBK^ which Js adjacent 
to. the obiufe angle ABC. 

E c a Again, 
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Again, bccaufe each of the arcs BN, 
CH, is a quadrant, BC is equal to NH ; 
that is, to the meafure of the angle DEF : 
And becauie each of the arcs AM, CL, is 
a quadrant, AC is equal to ML ; that is, to 
the meafure of the angle MFL, which is 
adjacent to the obtufe angle DFE : Like- 
wife, bccaufe each of the arcs AG, BK, h 
a quadrant, AB is equal to GK ; that \s, to 
the meafure of the angle GDK, or of the 
vertical angle EDF : therefore the fpherical 
triangle DEF is fuch, that each of its fide» 
is equal to the meafure of each of the angles 
of the fpherical triangle ABC, or of the 
angles adjacent to fuch of them as are ob- 
tufe ; and the meafure of each of its angles, 
equal to each of the fides of the triangle 
ABC; or to the excefs of a femicircle above 
fuch of them as are greater than quadrants. 
Which was to be done. 

Cor. I. Hence, if each of the angles 
ABC, BCA, BAG, of a fpherical triangle 
ABC, fig. 6. be given, the fides are each 
of them found : tor, becaufe each of the 
angles of the triangle ABC is given, each of 
the fides of the fpherical triangle DEF is by 
this propofition given 5 therefore [cor. 1 5. 
oi this] each of the angles of the triangle 

DEF 
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DBF is found, that is, each of the fides of 
the fpherical triangle ABC. 

Cor. 2. Hence the tangent pf half th# 
angle BAC, fig. 5. at the vertex A of any 
fpherical triangle ACB, or the tangent of 
half the adjacent angle GAB, if BAC be 
obtufe, \s to the tangent of half the fum of 
the angles ABC and ACB, at the bafe BC, 
as the tangent of half the difference of the 
angles ABC, ACB, to the tangent of half 
the difference* of the angles CAN, BAN, 
into wh^ch the angle BAC, or its adjacent 
GAB, is divided by the perpendicular arc 
AN. V 

36. Napier's two rules [art. 23. & 24. of 
this] may for the mofl part be ufefuUy ap- 
plied in folving the cafes of oblique-angled 
fpherical triangles. For, becaufe the redt- 
angle contained by radius, and the fine of 
the middle part, is equal to the ^edtangle 
contained by the cofines of the oppofite ex- 
tremes ; and that the redangle contained 
by radius and the fine of the middle part is 
alfo equal to the redtangle contained by the 
tangents of the adjacent extremes ; there- 
fore the rcdangle contained by the cofines 
of the oppofite extremes is equal to tHe 
redtangle contained by the tangents of the 

adjacent 
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adjacent extremes : therefore [14. 6.] a fide 
of the firft redangle is to a lide of the fe- 
cond^ as the remaining fide of the fecond 
to the remaining fide of the firil. 

Of the number of cafes in the folutions of ob'- 
lique-anghd fpberical triangles. 

37. Three of the fix parts of a Iphcri'r 
cal triangle muft be given in order to find a 
fourth. Two general cafes are deduced 
from prop. 10. viz. (i) When two fides, 
and an angle oppofite to one of thcfe fides, 
are each of them given, in order to find the 
angle oppofite to the other fide : Or, (2) 
When two angles, and a fid^ oppofite to 
one of thcfe angles, are each of them given, 
in order to find the fide oppofite to the o* 
tber angle. Thefe two cafes are folved 
like wife by Napier's firfl: rule: for if the 
perpendicular arc AN, fig. 5. be the mid- 
dle part, the complement ot AB, the hy- 
pothcnufe of the right-angled fpberical tri- 
angle ABN, and the complement of the 
angle ABN, fhall be the oppofite extremes. 
The fame arc AN being the middle part, 
the complement of AC, the hypothenufe of 
of the right-angled fphcrical triangle ACN, 

and 
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and the complement of the angle ACV, 
iball be the oppofite extremes ; therefore 
[rule I .] the redangle containecf by the fine 
of AB, and the fine of the angle ABN, ta 
equal to the redangle contained by the fine 
of AC and the fine of the angle ACN ; and 
[14. 6.] a fide of the firft redangle is to a 
fide of the fecond redangle^ as the remain- 
ing fide of the fecond to the remaining fide 
q{ the firft. 

38.(1) If two fides AC, AB» and an angle 
ACB, oppofite to one of them, be each of 
them given, the bafe BC is found by means 
ci prop. 1 1 . For, becaufe the hypothenufe 
AC, and an angle ACN of the right-angled 
fpherical triangle ACN, are each of them 
given, the fide CN is found by cafe 8. of 
right-wangled fpherical triangles ; and then 
BN is found [cor. i. ii. of this]: Or, if 
the angle ABC be found [art. 37. of this], 
the arcs CN, BN, are each of them found 
py rule a. the complements of the angles 
ACB, ABC, being the middle parts. 

(2) Likewife, if two fides AC, CB, and the 
angle ACB, contained by thefe fides, be 
?ach of them given, the other fide AB is 
found : For the arc CN is found as in the 
preceding cafe ; then the arc Bii is given 1 

and 
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and [cor. 2» ii. of this] the cofine of CN is 
to the cofine of BN, as the cofine of AC to 
the cofine of AB. 

39. (i) If two angles ACB, ABC, and 
a fide AC, pppofite to one of thefe angles, 
be each of them given, the remaining 
angle BAC is found by means of prop. 1 2. 
For becaufe the hypothenufe CA, and the 
angle ACN, of the right-wangled fphqrical 
triangle ACN, are each of them given, the 
angle CAN is found by cafe 10. of right- 
angled fpherical triangles ; and then the 
angle BAN is found [cor. i. 12. of this] : 
Or, if the fide A6 be found [art. 37. of 
this], each of the angles CAN, BAN, is^ 
found by rule 2. the complements of AC 
and of AB being middle parts. 

(2) Likewife, if tviro angles ACB, CAB, 
and the adjacent fide AC, be each of them 
given, the other angle ABC is found : for 
the angle CAN is found as in the preceding 
cafe; then the angle 'BAN is given ; and 
[cor. 2. 12. of this] the fine of CAN is to 
the fine of BAN, as the cofine of ACB to 
the cofine of ABC. 

40. ( I ) If two angles ACB, ABC, and a 

fide AC, oppofite to one of the angles, be 

each of them given, the fide CB, adjacent 

to 
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to thpm, is found by means of prop. ly. 
For, becaufc the hypothenufe AC, and the 
angle ACN, of the right-angled fpberical 
triangle CAN, arc each of them given, 
the fide CN is found by cafe 8. of right- 
angled fpherical triangles ; then the arc 
BN is found [cor. i. 13. of this]; be^ 
caufe the tangent of the angle ABN is to 
the tangent of the angle ACN, as the fine 
of CN to the fine of BN : Or if the fide 
AB be found, each of the arcs CN, BN, is 
found by rule 2. the complements of the 
angles ACB, ABC, being the middle parts. 
. (2) Likewife, if two fides AC, CB, and 
the angle ACB which thcfe fides con-* 
tain, be eacKof them given, either of the 
other angles ABC is found : For the arc 
CN is found as in the preceding cafe ^ then 
the arc BN is given : and [cor. 2. 13. of 
this] the fine of BN is to the fine of CN, 
as the tangent of ACN to . the tangent of 
ABN. 

41 . ( I ) If two fides AC, AB, and an angle 
ABC oppofitc to one of ihefe fides, bo 
each of them given, the angle BAC con- 
tained by them is found by means of prop. 
14. For, becaufe the hypothenufe AB, and 
the angle ABN, of the right-angled fpherical 

F f triangle 
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triangle ANB, arc each of them given, the 
angle BAN is found by cafe lo. of right- 
angled ipherical triangles; then the angle 
CAN is found [cor. i. 14. of this]: Or if 
the angle ACB be found, the angles CAN, 
BAN, are each of thcoi found by rule 2. 
the complements of AC and AB being the 

middle parts. 

(2) Likewifc, if two angles ABC, BAG, 

and the adjacent fide AB, be each of them 

given, the fide AC, oppofite to ABC, eithier 

of the given angles, is found : For the angle 

BAN is found as in the preceding cafe j then 

the angle CAN is given ; and ,[cor. 2. 14, 

of this] the cofine of the angle CAN is to 

the cofine of BAN, as the tangent of AB 

to the tangent of AC. 

42. If the three fides be each of them 

given, the angles are found by means of 

prop. 15.: and if the three angles be each 

of them given, the fides are found by means 

of prop. 16. There are therefore twelve 

cafes of oblique-angled f]>heHc.U trianglest 

lfvhi<:h are fet down in the following table. 
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Soltaions of the cafes of oblique-angled Jpberh 
cal triangles. Plate 7. fg. 5. 



I Given. | Sought. | 



Proportionals. 



X. 



Two fides 
AC,AB 
the ang] 
ABC, oppo- 
fite to o&c of 
them. 



les, ] 
i, aadl 



The angle 
ACB, op- 
pofite to 
the other 
fide. 



The fine of AC is to the fine of 
AB, as the fine of ABC to the 
fine of ACB, [cor. t. lo. of thisj. 
This and the other cafes depend- 
ing upon the fame prop, are oft- 
en ambiguous. 



9. 



[Two angles 
lABC, ACB, 
.|and a fide 

AC oppofite 

to one of 

them. 



H 



The fide 
AB, oppo- 
fite to the 
other angle 



JThe fine of ABC is to the fine of 
I ACB, as the fine of AC to the 
fine of AB» {[cor. 2. lo. of this.] 



Two fides 
AC, AB, and 
Jan angle 
ACB oppo 
fite to one o: 
them. 



^ 



The bafe 
BC. 



Two fides . 
AC, CB, and 
the angk 
ACB con- 
tained by 
thefe fides. 



.\ 



The re- 
maining 
fide AB. 



CN is found [cafe 8. right-angled 
fpherical triangles']; then theco- 
"^fine of AC is to the cofine of AB, 
as the cofine of CN to the cofine 
of BN, [cor. X. XX. of this.] 



The arc CN is found as In the 
laft cafe; then BN is given : and. 
the cofine of CN is to the cofine 
of BN, as the cofine of AC to the 
cofine of AB, [cor. a. i xl of this.] 



^ V 



s-r 



Two angles 
ACB, ABC, 
and a fide 
AC oppofite 
to one of the 
^iven angles. 



The re- 
'{maining 
angle BAC 



The angle CAN is found [cafe 
10. right-angled fpherical tri- 
^ angles]; then the cofine of ACB 
is to the cofine of ABC, as the 
fine of CAN to the fine of BAN, 
[cor. X. xa. of this.] 



6. 



Two angles 
ACB, CAB, 
and the ad- 
jacent fide 
AC. 



The re- 
maining 
angle AB 



The angle CAN is found as in 
the laft cafe; then the angle BAN 
is given : and the fine or CAN is 
to the fin^ of BAN, as the cofine 
of ACB to the cofine of ABC, [cor. 
%, xa. of this.] 



Ff » 



Two 



\ 
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I * Given. | Sought. | 



Proportionals. 



Two angles 
ACB, ABC, 
^.inda lide 
l.'vC oppofitc 
jt * one of tbi 
[jiven angles. 




CN is foun4[cafe S. right-angled 

phcrical triangles j; then the lan- 

I'lg-nt uf ABN is to the tangent of 

ACN, as the fine of CN to the 

fine of BN, [cor. 1. 13. of this.] 



1 fTwo fides 
AC, CB, and 
g U-^eant'le 
^' '^ACB which 
thefe (ides 
contain 



Either of 
tJie other 
an.Ies 
ABC. 



I; 



CN is found as in the lalt cafe ; 
.then BN is given : and the fine of 
'i BN is to the fine of CN, as the 
I tangent of ACB to the tangent 
* of ABC, [cor. a. 13. of this.] 






[Two tidies 
AC,AB,and 

J an angle 
^ABC oppo- 
fite to one of 
•-hem. 



inglel 



The a 
BAC 
which } 
thefe fides 
contain. 



The angle BAN is found fcafe 
10. right-angled fpherical" tri- 
angles] ; then the tangent of AC 
is to the tangent of AB, as fhe 
cofine of BAN to the cofine of 
CAN, [cor. I. 14. of this.] 



toy 



Two angles 
ABC, BAC, 
and the adja- 
cent fide AB. 



fThefide 
I AC, oppo- 
I lite to 
^{ABC, eN 
ther of the 
I given 
^angles. 



[The angle BAN is found as in the 
I laft cafe ; then the angle CAN is 
I given : and the cofine of CAN is 
I to the cofine of BA N, as the tan- 
gent of AB to the tangent of AC, 
I [cor. a. 14. of this.] 



II 



Each of the 
three fides 
AC, AB, and 
CB. 



Each of 
the angles. 



tan 



4 

1 



Each of the 
three angles 
ACB, ABC, 
and BAC. 



Each of 
the fides 



The tangent of the half of CB is 
to the tangent of half the fum of 
AC and AB, as the tangent of 
half the difference of AC, AB,to 
the tangent of half the difference 
of CN, NB; wherefore the angles 
are each of them found, [cor. 15. 
of this.] 

The tangenf of half the angle 
BAC at the vertex, or the tan- 
gent of half the adjacent angle 
GAB, is to the tangent of half 
tbe fum of the angles ABC and 
ACB, as the tangent of half the 
difference of ABC, ACB, to tlie 
I tangent of half the difference of 
IC. N, BAN. 
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SECT. IV. 

Examples in the PryeSiion of the Sphere ^ and 
in Spherical Trigonometry, 

EXAMPLE I. Plate 7. fig. J : 

1. To defcribe a map of the earth upon the 
plane of a given meridian ABCD, the eye 
Being fuppbjedto be in the pole of thai me- 
rtdtan. 

Draw two diameters AC, BD, at right 
angles to one another ; and let B, D, be 
the poles of the equator. The hour-circles, 
or meridians that divide the equator into 
twenty-four equal parts, are inclined to one 
another at an arigle of fifteen degrees. 
From the centre E, therefore, make EF 
equal to the tangent of fifteen degrees j 
and from the centre F, with the diftance 
FB or FD, defcribe a circle j this circle 
[3. fedl. 2. 2.] (hall be inclined to ABCD 
at an angle of fifteen degrees. In like 
manner, if EG be made equal to the tan- 
gent of thirty degrees, and if a circle be 
defcribed from the centre O, with the di- 

ftancc 
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(lance GB or GD, it (hall be Inclined to 
ABCD at an ingle of thirty degrees^ and 
to the preceding at an angle of fifteen de- 
grees. The reft of the hour*circles, or a- 
ny number of meridians, are de(cribed the 
(ame way, viz. by taking off from EC and 
£A» or from the(e lines produced, parts e« 
qual lo the tangents of each meridian's in- 
clination to ABCD. 

The tropics PQ, NO, are defcribed [5. 
fed. 2. 2.], by taking from EB and ED 
(baight lines, each of them equal to the 
fecant of the diftance of the tropic from the 
pole, viz. fixty*-fix degrees and an half: 
the points P, N, through which the trofucs 
pals, are found, by making the arcs AP, 
AN, each twenty-three degrees and an half 
l^art. II. fed. 3. i ji or, by maldng BP, 
DN, each fixty*fiz degrees and an half: 
the circles defoibed from the points found 
in EB, ED, as centres with the diflanccs 
of thefe points from P and from N, (hall 
be the tropics PQ, NO. 

The polar circles HQ^ ML, are de(cri-' 
bed by taking oflf from EB and ED ftraigbt 
lines, each equal to the (ecant of twenty- 
three degrees and an half i and the poiois 
H, and through which the polar circles 

pais. 
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paft, are found, by making the arcs BH» 
DM, each twenty-three degrees and an 
half: the circles defcribed from the points 
found in EB, ED, as centres with the diftan- 
ces of thefe p9ints from H, M, (hall be the 
tropics HK, ML. Any number of circles 
parallel to the equator qiay be defcribed in 
the fame manner. "^ 

If A BCD be the meridian which is in 
the plane of. the folAitial colure; the eclip- 
tic PO is [art. 4. fed. 2. 2.} proieded into 
a ftraight line. The equator AC, and the 
meridian BD, whofe plane pafles through 
the eye, are likewife in this example pro- 
jedied into ftraight lines : and it is manifeft, 
how places, whofe longitudes and latitudes 
are known, are to be delineated in this pro-^ 
jedion. 

It is manifeft, from art. 9. and prop. i. 
fe£t. 2. 2. how a map is defcribed upon the 
plane of the equator. In fuch a map, the 
parallels of latitude are concentric with the 
primitive ; and the meridians are ftraight 
lines from the centre of the primitive to its 
circumference. ' 

N. Bi Thefe projedions are founded up- 
on the fuppofition, that thd earth is a per<- 
fedl fphtere. The diameter of the equator,. 
however, is*to the axis, as 230 to 229. 

See 
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Sec Newt. Prin. lib. 3 prop. 1 9. edit. 1 726. 
Oeuv. de Mauper. torn. 4. /. 335. edit. 1768. 
But this difference is fo fmall, that it would 
require a very large map to make it fen« 
. fible. 



EXAMPLE II. Fig.^. 

2. To projeSi the celejiial fphere upon the 
plane of the folfiitial colure ADBE Jor the 
horizon of any latitude^ the eye being [up- 
pofed at Jucb a difiance^ as that the rays of 
light may be confidered as proceeding in pa^ 
ralkl ftraight lines. 

Let AB be the horizon, and make BD, 
AE, each of them [art. 1 1. or 41. feft. 3. i.} 
equal to the latitude, and join DE ; D, E, 
fhall reprefent the poles of the equator, and 
DE (hall reprefent its axis, or the meridian 
whofe plane pafies through the eye ; that 
IS, the equinodtial colure. If the diameter 
FG be drawn at right angles to DE, it (hall 
reprefent the equator. Make FQ^, GS, each 
of twenty-three degrees and an half, and 
join QS, QS (hall reprefent the ecliptic. 
The tropics and polar circles in this exam- 
ple are [art, 15. fed. 2. 2.} projected into 
ftraight lines. If therefore QP and SR bo 

drawa 
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drawn parallel to FG, they ihall reprefcnt 
the tropics. Make each, of the arcs DN, 
DH, EK, EO, twenty-three degrees and 
an half, ,and join NH, KO j KH, KO. 
repreient the polar circles : and if HK be 
joined, it (hall rcprcfent the axis of the ec- 
liptic. The n)eridians that are inclined to 
the plane of the projection, are in this ex- 
ample [8. fed. 2. 2.] prc)jed:ed into ellipfes: 
the greater axis of each of thefe ellipfes is 
DB, and the* leffer axis of each of them is 
twice the cofine of the inclination to the 
primitive FDGE : if therefore CT and CU 
be each of them made equal to the cofine of 
fifteen degrees [art. 13. & 31. fed. 3. i ], 
and if with the axes DE, TU, an ellipfis 
be defcribed, this ellipfis (hall reprefent the 
meridian which is inclined to the plane of 
the projedion at an^anglc of fifteen degrees, 
that is, one hour in time. Any number of 
meridians may be defcribed in the fame man-* 
ner. The ecliptic QS is divided into degrees 
by cutting off, towards the extremities Q, S, 
ftraight lines equal to the vcrfed fines of 
the number of degrees required [art. 15. 
fed. 2. 2.]. Thus, if it be required to find 
the point in CQ, reprefenting the firft of 
Ceroini 5 bccaufc Q^reprcfentsthc firft of 

G g Cancer, 
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Cancer, take off the primitivf from Q^ In- 
wards N, and from Q towards A, tWQ 
afcs, each of them thirty degr««, the 
draight line joining the points fo found in 
the primitive (hall CMt CQ^ in th? firft of 
Gemini : the feme ppint i? topnd by taking 
©ff from C towards Q, a ftraigbt line eqM^l 
IQ the cofine of thirty dc|r€«« [dcf. 9. f^^ft* 
I. I.]. In like mapner, the reprefentation 
of any other point in th^ ecliptic 16 found. 
In this example, the 6ril point of A^'ve^ 
coincides with the. firft point of Libr^t 
and they are in the centre of the primi- 
tive; the firft poipt of Taurq^ cpincide? 
with the firft point of Virgo j the firft pginl: 
Qf Gemini coincides with the firft point of 
X^f o I and fo on, except Cancer ^nd Cgr- 
pricorn. The elliples reprefenting the me«^ 
ridi^ns may be divided intop^rts repr^fentt- 
jng ^ny number of degrees, by dividing tb^ 
primitive into degreeSi ^nd drawing ftraight 
lines from the points of divifioq in the pri^ 
ipitive at right angles to DE ; thefe ftraight 
lincfi (hall divide the e|lipfe$ intp parts re- 
prefenting the parts of th? primitive [cor, 8, 
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EXAMPLE 111. Fii.q. 

3. To defcribe a fun-dial upon a given plane 
for a given latitude. 

The prihdples df dialflrtg anHottnt to rto 
more than this : Any nurftbef of pkncs' 
paffing through the dxis of a fphere, and 
inclined to one Another in a given angle, 
being given, to find the cotttmon fedliort of 
each of thefe pUn^s, With another pkne 
given In polition, which cuts eadh €>f thdrtii 

When this general problem is applied to 
diallihg, the planes that arc confidefed ai , 
paffing through the axis of the fphere* are 
the planes of ahy given nuftiber of rrie- 
ridiaris dividiilg the equatdr Into giVert 
parts^; the plane given in pofitldn, Cutting 
the plane of each of thefe mefidianiS, and 
whofe coTftmon fedion w'ith each ol'' theta 
is fbught, ii the piane upon which the diat 
IS to be defcribed -, and thefc common fee** 
irons are the lines chat fhow the hours, 6t 
parts of hours, by means of a {hadotf caufed 
by a line coinciding urith the ixis of the* 
earth. * 

The angles at which the rrtcridians are 
inclined to one another are determined^ by 

G g 2 the 
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the time. Thus, if the number of meri- 
dians be twelve, the time correfpondtng to 
each arc of the equator, which is the mea-^ 
fure of the inclination of any one of them to 
the next, is one hour, and that arc of the 
equator is fifteen degrees ; the arc of the 
equator correfponding to two hours is thir- 
ty degrees ; and the arc correfponding to 
half an hour is feven degrees and an half, 
and fo on. The poiition of the plane cut- 
ting the planes of the meridians, vi2. the 
plane upon which the dial is to be defcri- 
bed, is determined by the latitude of the 
place for which the dial is to be made, and 
by the inclination the maker pleafes to give 
this plane to the eaft, weft, north, or fouth* 
Hepce the conftrudion of a dial is redu^* 
ced to a cafe of right-angled fpherical tri-^ 
angles. The following is intended as an 
cxampl;^ of an horizontal fun-dial j and the 
hour-lines are found upon it, firft by cal- 
culation, and from thence is deduced a me- 
thod of finding them by geometrical con- 
ftrii<flion. 

Draw F XII a diameter of the circFe 

^Vl Xll VI, in F XII take any point A, 

and through A ^ draw VI VI at right 

angles to F XII, and from A let a ftraight 

line 
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line be ral&d above the plane, containinjg; 
an angle with A XII equal to the latitude 
of the place, this ftraight'line is to repre^ 
fen t the axis of the earth. Then, if F XII 
reprefent the north and fojuth line, viz. the 
diredion of the fhadow proceeding from A 
at twelve o'clock, VI VI ihall reprefent 
the eaft and weft line, viz. that in which 
the fliadow is at fix o'clock in the morning, 
and at fix o'clock in the evening. In order 
to find AI, viz. the common fedlion of the 
meridian paffing through the point of the 
equator that correfponds to one o^clock in 
the afternoon, with the plane of the hori- 
zon or dial, there are given one fide of a 
right-angled fpherical triangle, and the ad- 
jacent fpherical angle, in order to find the 
fide oppofite to this angle ; and the fide 
that is required is the meafurc of the angle 
XII A I. The fide that is given is the e- 
levation of the pole above the horizon, 
which is equal to the latitude of the place : 
the angle that is given is meafured by the 
number of degrees of the equator intercept- 
ed between the meridian correfponding to 
twelve o'clock, and the meridian corre- 
fponding to one o'clock in the afternoon, 
viz. fifteen degrees : and this angle is ver- 

ticalji 
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ticali fttid therefdrd eqo^I td the ingle Cim^ 
Mined by theie tyiefidians on fbe ofher fid6 
of the ♦ pole j fdr the continuation o^ the 
meridUn palling tbfotfgh the point of the 
equator that corrtfponds to dne o'clock in 
the afternoon beyond the pole, in the hvpo^ 
thenuie of the fphcrical triangle in queftiofi« 
This example, therefore, is the firth Caf* 
of right*-angled fpherical triangles. 

Let the htitdde of the place be ^6°, tt 
find the anole XII A I. Add 9 4208525, 
which it the logarithmic tangent of 15* 
correfponding to one houi*, to 99185/42, 
which is the tngarithmic fine of 56^, vi^. 
the latitude 6f the place \ and from the futti 
19.3494267 fubtradt io.6ooot)ocJ, whith 
is the logarithoi of radius ; the remaindet 
9.3494267 is the logarithmic tangent of the 
angle XII A 1 12** 36' : if therefore, at the 
point A, in the ftraight line A XII, the 
angle XII A I be made [art. 1 1. or 41. fed. 
3. I.] of 12^ 56', the ftraight line AI (hall 
be the direSion of the (hadbw proceeding 
from A at one o'clock in the after^noon, iii 
latitude 5 6^ Likewife, the number of de^ 
grees of the angle XIl A II is found j bc- 
caufe its tangent is the fourth proportional 
to the three terms, radius, the tangent of 
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3©^, (correfpoedbg %q twQ iio«rR),. and the 
fine 9( 56% lo like manner, the !^ir^<;i:to» 

©f the ftadow at f ach hour pr pm of aa 
JlQur, till fijc a <;lQck in the gf^erppon, « 

jfpiin4« Thp angle cpAtainod by «ch hoW'* 
line, half-hour line, and quat t«r of an hour*- 
line> &c. in one quadrant being thus fpua4<» 
they are transferred to the other quadrant 5 
and then the lit es in which th^ Ihadow ia 
at each hour, and part of nn hour, from 
fix o'clock in the morning tjU twelve 
o'clock, (hall be determined 5 for the angle 
contained by the (hadow, and by A XII at 
eleven o'clock in the forenoon, is equal tp 
that contained by the (hadow, and by 
A XII at one o'clock inibeafternoon.^The 
lines in which the fliadow is at any hour, 
or part of an hour, after fix in the evening, 
«nd before fix in the morning, fo long pr 
fo early as the fun is above the horizon in 
«hc given latitude, are found, by making 
at the point A, in the ftraight line A VI, on 
<he other fide, an angle equal to the angle 
VI A Vj the line containing this angle with 
A VI (hall be the pofition of the (hadow at 
feven o'clock in th^ evening, In like mauf* 
ner, if an angle be naade at the point A, 
00 the fame fid? of A Yl^ with thciaft angle, 

equal 
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equal to the angle VI A IV, it (hall giye the 
pofition of the (hadow at eight o'clock ac 
nighty and 6> on ; and if angles equal to 
thefe be made at the point A> in A VJ, 
on the other fide of AF» the pofition of the 
fbadow at five and four o'clock in the 
morning (hall be determined. 

From the proportions hj which the po* 
fition of the fhadow of the ftile, at any 
time of the day, is found by fpherical tri* 
gonometry, the following geometrical. con«A 
ftrudion of an horizontal fun-dial, is dedu- 
ced, which, fo far as I know, is the eafie/t 
in pradice. 

Make the angle XII AB equal to the la«- 
titude.of the place, or to the elevation of 
the pole above the horizon ; in A XII take 
any point D ; and through D draw DG at 
right angles to A XII ; from D draw DC 
at right angles to AB, meeting it in C s 
make DE upon D XII equal to DC ; and 
from the centre E, with the diftance ED, 
defcribe a quadrant of a circle ; divide this 
quadraot [15. 4. & 30. 3.] into fix equal 
parts ; and draw a ftraight line from the 
centre E through each point of divifion in 
the quadrant, meeting. DG ; then from A 
ilraw a ftraight line through each of . the 

points 
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points fo found in DG, and produce them 
to I, II, III, &c. J then if the ftilc be rai- 
fed from A above the plane of the dial, 
containing with AE an angle equal to the 
latitude of the place, and if AE be placed 
north and fouth, the ftraight lines A I, A II, 
A III, &c.; fhall bd the pojStion of the Sha- 
dow at one, ' two, thi'ec, &c, o'clock in the 
afternoon; and if the parts into which DG 
is divided be transferred to DB, they fhall 
give the pofition of the (hadow in the fore- 
noon J and if the quadrant defcribed from 
the centre E, with the diftance ED, be di- 
vided into twelve equal parts, and if ftraight 
lines be drawn from the centre E through 
each point of thefe divifions, meeting DG, 
the points fo found in DG (hall give the 
pofition of the ihadow each half hour, and 
fo on. It is manifeft [)• fed. 4. i.J, that 
when AD, the hypothenufe of the right- 
angliJd plane triangle ADC, is made radius, 
DC is the fine of the angle DAC : but the 
angle DAC, by conftrudjon, is equal to 
the latitude of the place, or to the eleva- 
tion of the pole ^bove the horizon of the 
place ; ED likewife, by conftrudion, is e- 
qual to DCj and PL, which [def. 3. fed, 
j[, I.] is the tangent of the angle DEL 

H h when 
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when ED is made radius, is likewife thQ 
tangent of DAL when AD is made radius. 
Hitherto the Aile of the dial is confidercci 
is having no thicknef^; and indeed a very 
thin ftile is requifite, that the. diredion of 
the (hadow may be accurately obtained, c- 
fjpecially about twelve o'clock. But becaafe 
a very thin ftile would be liable to acci- . 
dents, a thick ilile is comnK>nly ufed ; fo 
that the common fedion of each of thtj 
planes, which are the eafl: and weil fides 
of it, with the other plane, is confider* 
ed as a (lite. The one of the£e commoa 
fedions, or edges of the flile, which is to- 
wards the caft, Ihows the time of the day 
from twelve p clock till fix in the after- 
noon : but the edge that is towards the weft 
ihows it after fix in the afternoon; the 
eaftern edge again, fhoy^^s the time of the" 
day' before fix o'clock in the morning • and 
the weftern edge ihbws it* from fix in the 
morning till twelve o'clock, as is nnianifefl; j 
and therefore the hour-lines before fix iii 
the morning are drawn from the eaftern 
centre; arid the hour-lines after fix in the 
evening are drawn from the weftern centre. 
The common fedtions of the eafl^rn and 
weftern fides of the ftile, with the plane of 
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the dial, are drawn, making a blank fpace 
at XII equal to the thicknefs of the dial. 
In places that have much north latitude, 
the point A where the ftileis fixed, is ta-» 
ken cbnfiderably to the fouth of the centre 
of the dial : in fouth latitude, it is probably 
taken to the north. 

The common method df finding the 
north and fouth, or meridian line for a dial, 
is to defcribe a circle upon a horizontal 
plane 1 and from the centre of this cndcy to 
ereft a (lile at right angles tp the plane, and 
to obferve the two points in the circumfe- 
i^ence of the circle in which the extremity 
of the (hzdo^?/ is before and after noon, at 
a time when the fun does not fenfibly alter 
his declination in a few hours 3 the (Iraighc 
line drawn from the centre of the circle bi- 
fe(Sting the art, intercepted between thefe 
two points, is the meridian line. The fum- 
met folftice is the fitteft time for it. Tho* 
this method may fcrvc for common ufe, it 
is not to be depended upon alone for the 
more. important aflronomical oblervations. 

In the following examples, no reference 
is made to any figure; bccaufe the problems 
comprehended in them are intended. Jo be 
folved upon a globe, in order to exercife the 

H h 2 learner 
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learner upon particular cafes of fpherical trn 
angles, anid to (hew him their ufes. 

EXAMPLE IV. 

4. ^e fun's place in the ecliptic^ and the ifh 
clination of the ecliptic to the equator^ be^ 
ing each of them giveny to find the fun$ 
Hght afcenfion ; that is^ the point of the e* 
guator that comes to the meridian with the 
fun. 

Let the fun's place be the twenty-flftfe 
degree of Taurus, and the angle contained 
by the ecliptic and equator, or, as it is call- 
ed, the declination of the firft point of Can- 
cer and of Capricorn 23* 29^ to find the 
fun's right afcenfion. Becaufe the fun's 
place is the 25^ of Taurus, his diftance 
from the firfl point of Aries, that is, his 
longitude, is ^^^. The example therefore 
is the eighth cafe of right-angled fpherical 
triangles : for the fun's longitude is the hy- 
pothcnufe, the inclination of the ecliptic 
and equator is the given angle, and the 
right afcenfion which is fought is the fide 
adjacent to the given angle. When the 
right afcenfion is found, it is reduced to time 

by 
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by reckoDiog an hour for each fifteen de« 
grees, and a minute for each fifteen mi- 
nutes, &c. 

5. The fame things being given, to find 
the fun's declination ; that is, the number 
of degrees upon the meridian that pafTes 
through the fun^/intercepted between the 
fun and the equator. This is the fecond 
cafe of right-angled fpherical. triangles. 

6. The fame things being given, to find 
the angle contained by the meridian pafling 
through the fun, and by the ecliptic. Thif. 
is the tenth cafe of right-angled fpherical 
triangles. , . 

E X A M P L E V. 

7. The latitude of the place being giyen^. and 
Iikew{fe the right afcenjion and declinqticn 
cf the fun being each of them given y to 
find the juris amplitude ; that isy the num- 
ber of degrees upon the horizon he rifts cr ' 
fets to the north or fouth of eaji and wefi. 

Becaufe the latitude of the place is given, 
the angle contained by the plane of 'the e*. 
quator, and that of the horizon, is given, 
being the compleqjcnt of the latitude, of of 
the elevation of the pole. Likewife the 

declination 
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dedination of the Tun Is the fi^ oppofitc to 
the given angle; and the fpherical triangle 
is right-angled ; therefore the hypotbenufe; 
which is the amplitude required, is found. 
This is the third cafe of right-angled fphe- 
rical triangles. 

8. The fame things being gi^en, to fiftd 
the fun's afcenfional difiPerence ; that is, the 
diflference between the number of degrees 
of the equator, which comes to .the meri- 
dian with the fun, and that which is at the 
liorizon with the fun. In the lail right- 
angled fpherical triangle, there are given a 
fide, and the oppdfite angle ; therefore th6 
other fide is found. This is the fixth cafe 
of right-angled fpherical triangles. And be- 
caufe the right afcenfion is given^ and that 
the afcenfional difference is thus found, the 
oblique afcenfion, that is, the point of the 
cquatof which is at the horizon with the 
fun in an oblique fphere, is found, by fub** 
trading or adding the afcenfional difference*^ 
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EXAMPLE VI. 

9^ ^«» \imptude and ktitude-^ qf^ dmf fiar 
mtbita the eciipfic, Ofid the infUnatiqn pf 
tie ectiftk to tbe^uatpt, being each i^ 
tbemgiven^ iojfindtbe ftdr^s detUnatioiu 

Bccaufc the longitude of thi? ft»r is giveo^, 
the^uog^ cont^dne^ -by its cif de of longitudop 
and by the foIi3:itital coliire, is > given : and 
becaufe the latitude of the fiar is given, the! 

, , • » V. * ^ * 

coippleaient of its latitude, that is, the arc 

« . ' . . * ' » • • <■ • ' . ', 

of the circle of Jongitude intercepted be- 
tween the iiar wd :the prfe 0f tfee iecliptic, 
is |;iven j a»d the diftance between the 
poles of the ecliptic and equator is given : 
there are therefore two fides of an oblique- 
angled fpheric^l triangle ; ana ihe angle 
Which tkefe ^des contain, given in order 
to find ^the third fide, and' ^e third fide, i§ 
an ar.c of a great circle iotercepted between 
the ftar and the pole of the ecjuatpr, which. 
Js the complenient of the Aar*s declination* 
'This is the ifourth ciafe of 
Spherical triangles. 

10. The fame things being giyen, to£nd 
the ftar's right afcenfion. In the laft fphcrical, 
jriangle, the angle contained by the. folftitiat 

colurpj 
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colure» and by the arc paffipg through the 
pole of* the equator, and through the ftar» 
IS found by cafe 8. of oblique-dangled fphc^ 
ricai triangles ; therefore the ineafure of 
t|iis angle upon the equator is found. And 
becaufe the point of the equator, through 
which the folftitlal colure pafles, is given^ 
fbe point of the equator, through which 
the meridian of the ilar pafTes, is likewiib 
given; and this laft point in the equator 
gives the right afccnfion of the ftar» ' 



, EX AM P L E VII. 

} 1 . ^be decUn^tim and rigbt afcenjion of m 
Jiar being each of them given ^ m^ the de- 
clination of another ftar being given^ as 
alfo the difiance^ between the two ftars^ /• 
find the ri^bt affenfionof the Utter fiar^ 

^ Becaufe the declination of each ftar is gi-* 
ven, the compleipent of the declination of 
each of them is given \ that is, the diftancp 
6i each ftar from the pole of the equator ; 
and becaufe the diftance' of the two ftars 
from one another is likewife given, the 
llbree fides of the fpherical triangles in the 
' ^ ' angular 
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angular pointy, of which the two flars and 
the pole of the equator arc each of them 
given ; therefore, by cafe |i. of oblique- 
angled fphcricai triangles, the fphcrical' 
angle at the pole of the equator, contained 
by the complements of the declination of 
the two Aars, is found : and this angle is 
n^afured upon the equator by the differ- 
ence of right afceniion of the two ftars ; 
therefore, becaufe the right afceniion of 
one of the ftars is given, the right alcenfion 
of the other is found. 



EXAMPLE VIIL 

• -* ' 

12. The latitude and longitude of two ftars 
being given, and the diflance of another 
Jiar from each of them being tikewife gi" 
ven, to find the latitude and longitude of 
ibis other fiar. See Greg. Aftr. book 2. 
prop. 28. 

Becaufe the latitude of each of the two 
Aars is ^iven, the complement of the lati- 
tude of each of them is giveii ; and becaufe 
the longitude of each of them is given, 
their difference of longitude is given : but 
their difference of longitude is the meafure 

I i of 
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of the fphcrical angle at the pole of the e* 
cliptic which is contained by the citcles of 
longitude of the two ftars j therefore thj$ 
angle is alfo given, and by the fourth cafe 
of oblic^ue-angied fphetical triangles^ the 
diftance of the two ftars is found i like^ 
wife the fpherical angle contained by tht 
arc which is their diftance, and by th^^ ar$ 
which is the complement of the latitude of 
one of them, is found by the ficft cafe of 
oblique-angled fpherical triangles. Atui be^ 
caufe the diftance of the two ftars whale 
longitudes and latitudes are given has been 
found, and that the diftance of the thir4 
ftar from each of them rs given, the three 
iides of the fphcrical triangle, in whofe aa- 
.gular points thefe three ft^rs ^rc, are each 
of them given ; therefore the angle con- 
tained by the arc which is the diilance of the 
two i(irft ftar^i and by the ai;c which is the 
diftance of one of thefe from the third ftar, 
is found by the eleventh cafe of oblique- 
angled Ipherical triangles j . ^nd if thk angle 
be taken fnom the angle contained by A* 
arc which h th? diftance of the two firft 
Hars, and by the arc which is the coi^pk*- 
ment of the latitude of one of them, ("which 
«ngle was alfeidy found), th$ fem&ining 

anglq 
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angle contained by the arc which is the di- 
ftancc of the ftar, whofe longitude and la- 
titude is fought from the one of the firfl: 
two, and by the arc which is the comple- 
ment of this ftar's latitude, is given : .and 
thfe fides cbmainnig this laA atigle lare each 

of them given 5 therefore the fide oppofite 

to the given angle is found by the fourth 

cafe of oblique-angled fpiierical triangles: 

Md'this fide is the complement of the lati^ 

tude of the ftar whofe latitude is fought^ 

therefore its latitude \% found. And becaufe 

thi diftanee of the ftar whofe latitutle and 

longitude was fought from the pole of the 

ecliptic has been found, and that its di- 

Ikhce from the one of th« firft ftacip is gW 

ven, and likewife that the angle adjacent 10 

this laft fide has heci^ found, the angle ad« 

jacent to the other fide, viz. the angle at 

pole of the ecliptic, is found by the fecond 

cafe of oblique-dangled fpherical triangles j 

and the meafure of this angle upon the e- 

cliptic is the difference of longitude of the 

ftar, whofe latitude and longitude was 

fought from that of the one of thofe ftars 

whofe latitudes and longitudes were given 5 

therefore the latitude and longitude of the 

third ftar is found. 

F J N J S. 
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